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Abstract 



Dequantization is a set of rules which turn quantum mechanics (QM) into classical mechanics 
C^ ' (CM). It is not the WKB limit of QM. In this paper we show that, by extending time to a 3- 

dimensional "supertime" , we can dequantize the system in the sense of turning the Feynman 
path integral version of QM into the functional counterpart of the Koopman-von Neumann 
operatorial approach to CM. Somehow this procedure is the inverse of geometric quantization 
and we present it in three different polarizations: the Schrodinger, the momentum and the 
coherent states ones. 



1 Introduction 

Quantum mechanics has turned out to be the best tested theory invented by men. This is quite 
a surprise for us because, somehow, QM was built by a series of "trials and errors" attempts 
starting from N. Bohr orbits and ending with the quantization rules proposed by Dirac and 
Heisenberg. These quantization rules, which we could summarize as follows 
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are totally unexplained: they just work but nobody understands why. At the same time QM 
presents a set of phenomena (from tunnelling to teleportation etc.) which cannot be visualized 
by our macroscopic senses. We feel that both these aspects, the unexplainable quantization 
rules and the counterintuitive phenomena of QM, could be the signal of some hidden geometry, 
difficult to visualize. Geometry may be important for QM also for another reason. In fact, 
despite its great experimental success, QM seems not to get along well with gravity, which is 
the queen of ^^geometricar theories. The problem is that Einstein gravity, once quantized, does 
not turn out to be a renormalizable theory. The strategy that physicists have adopted to solve 
this problem is to modify the classical gravity theory of Einstein by adding to it extra fields and 
interactions, like in supergravity, or infinite terms like in string theory. They never thought of 
attacking the other horn of the quantum gravity problem that is QM. "Attacking" , for us, does 
not mean introducing modifications to QM, but only trying to understand QM from a more 
^^geometricar point of view. This seems to us a reasonable approach if we want to marry QM 
with the queen of geometrical theories, which is gravity. This reason, together with the one 
given before, is what triggered the present investigation. 

QM has always been studied at the Hilbert spaces and operators level and not much at the 
space-time level, which we consider the true geometrical level. The only approach in this sense 
has been pioneered by Feynman in the well-known paper ^ on path integrals which carries 
significantly the title "^ space-time approach to QM\ In this paper we will continue in this 
direction by giving a path integral approach P] even to classical mechanics (CM). This can be 
done once CM is formulated in an operatorial form like Koopman and von Neumann ^ did in 
the Thirties. From now on we will indicate this path integral formulation of classical mechanics 
with the acronym ^^CPF (Classical Path Integral) while we will use for the Feynman Path 
Integral of (Quantum mechanics the symbol ^^QPF . The operatorial approach to CM developed 
by IToopman and von iVeumann will be instead indicated with the acronym KvN. 

The CPI can be put in a very compact form by extending time to a 3-dimensional supertime 
made of t and of two Grassmann partners 0, 9. Quantization, which means a manner to go from 
the CPI to the QPI, is achieved by properly freezing to zero the two Grassmann partners of 
time {9, 9). This procedure of quantization via a contraction from 3-dim to 1-dim, resembles 
very much the mechanisms used nowadays in grand-unification theories where one starts from 
an 11-dim theory and brings it down, via dimensional reduction, to 4-dim. It is amazing that 
quantization itself can be obtained via a dimensional reduction procedure. Of course, it is a 
dimensional reduction that involves Grassmann variables and so all the geometry that one gets 
is very hard to visualize. This "hidden, hard-to-visualize" geometry may be the structure that, 



as we said at the beginning of this section, is at the origin of all the "strange" phenomena of QM. 
Anyhow, much more direct is the procedure of ^^dequantization" , which means a manner to go 
from the QPI to the CPI. This can be achieved via an extension of time t to supertime (t, 8, 6) 
and of phase space to a superphase space, which appears naturally in the path integral 
approach to CM. We call ^^geometricar this procedure of dequantization because it involves 
geometrical structures like time or its Grassmann partners. At the relativistic field theory level 
we expect that the role played by time will be taken by space-time and this is another reason 
for the use of the word ^^ geometrical in our procedure. 

The paper is organized as follows. In Sec. 2 we present a brief review of the KvN operatorial 
approach to CM [21 and of its path integral counterpart (CPI) j2], with its rich geometrical 
content jlj. We do this brief review for completeness and in order to make the paper self- 
contained. In Sec. 3 we introduce the concept of supertime and of superphase space variables 
and explore some interesting issues related to them. These tools are then used in Sec. 4 where we 
prove that the path integral weights entering the CPI and the QPI belong to the same multiplet 
of a universal supersymmetry Q present in the CPI. This observation is the starting point in 
order to understand how the QPI can be turned into the CPI (dequantization procedure). This 
is realized by keeping the same functional form of the QPI and extending time to supertime 
and phase space to superphase space. This dequantization procedure is studied in Sec. 4 in the 
Schrodinger and the momentum polarization while in Appendix E is extended to the coherent 
states basis. In Sec. 4 we also show that the inverse 5_ of our dequantization procedure resembles 
very much geometric quantization fi. In Sec. 5 we study the Dyson- Schwinger equation for the 
QPI and the CPI and show that the rules to pass from one to the other are the same as above 
i.e., replace time with supertime and phase space with superphase space. In Sec. 6 we formulate 
more precisely the conditions under which the above dequantization rules can be applied. They 
cannot be used in any equation or expression but only within path integral expressions. A set 
of examples is worked out in details. In the same section we show how our dequantization rules 
have to be applied to QM observables. The conclusions of this paper are contained in Sec. 7 
where, besides summarizing what we have done, we put forward some lines of future research. 
All the calculational details of this paper are confined into several appendices. 

2 Brief Review of the KvN Formalism and of the CPI 

In the Thirties Koopman and von Neumann [H], triggered most probably by the operatorial 
aspects of QM, proposed an operatorial formulation for CM. Their work is basically an extension 
of the one of Liouville who, for classical statistical mechanics, had found the equation of evolution 
for the probability distribution p{p, q) defined on phase space. The Liouville equation is: 

'§IP = ^P (2-1) 

where L is the Liouvillian defined as 

L = —idpHdg + idqHdp 

with H the Hamiltonian function of the system. We will use the following notation: A4 indicates 
the 2n dimensional phase space, while ^^ = {q^ ■ ■ ■ q^,p^ ■ ■ -p^) with a = 1, • • • , 2n indicate the 



2n phase space coordinates. Liouville's probability distributions p{ip) are L^ functions because 
the only request made on them is to be integrable 
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dip p{lp) = 1 



where by "(i(/?" we mean "d^^yj". Koopman and von Neumann, instead of using the probability 
distribution p{ip), introduced a Hilbert space of L^ functions tpi^)- Furthermore they imposed 
the following two postulates for ip{(p): 

1st postulate: The equation of evolution for ip is 

i^ = U, (2.2) 

that is the same as the Liouville equation (|2.H) . 

2nd postulate: The probability distribution p{ip) can be built out of the ■0 as follows: 

p{ip) = \i^{ip)\\ (2.3) 



These two postulates are not in contradiction with the Liouville equation (|2.H) . In fact, since 
L is a differential operator, linear in the first order derivatives, from (|2.2|) and 1)2. 3() it is easy 
to derive 1)2. 1() . that means that the same equation is satisfied by both p and ip. This would 
not happen in QM, where the KvN equation (|2.2|) is replaced by the Schrodinger one and the 
quantum equation for p is a continuity equation, different from the Schrodinger one. This is due 
to the presence of second order derivatives in the Schrodinger operator. 

In j2j we called the ip of (|2.2jl "t/ie KvN waves" and we thoroughly analyzed their physics. 
The overall KvN formalism is formally very similar to the one of QM, even if the Liouvillian L 
reproduces the classical dynamics. Like every operatorial formalism, also the KvN one has a 
path integral counterpart, which has been fully developed in Ref. and reproduces the kernel 
of evolution associated to the classical equation ()2.2|) . In CM if we ask which is the transition 
amplitude K (ip"" , t\(pg , to) of being in (/?" at time t having started from ipg at time to, the answer 
is 

K{p-,t\^lto) = s[p^ - rAt;vo,to)] (2.4) 

where (/)J^j(t; c^o, ty) is the solution of Hamilton's equations with initial conditions (po 

and Lo indicates the symplectic matrix ^. We can rewrite (|2.4|) as a sum over all possible 
intermediate configurations, after having sliced the interval (t — to) in A^ intervals 

K{ip"-,t\p^, to) = ^ K{ip"-, t\ipN-l,tN^l)K{pN-l,tN-l\(PN-2,tN-2) ■ ■ ■ K{ipi,ti\ip^, to) 
fi 

N 

n / dp, sIp'; - rjtr,Pj^i,t,-i)] (2.6) 

.7 = 1 ■^ 
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i^pSip"- relit; Po, to)]. 



In the first line of ()2.6() \{pi,ti) denotes a set of intermediate configurations between \ipg,to) and 
\ip"',t), wliile in the last one we have sent the number of slices to infinity recovering in this 
manner a functional integration. The 6[ ] indicates a functional Dirac delta which effectively 
gives weight "one" to the classical trajectory and weight "zero" to all the other ones. This 
functional delta can be rewritten as a delta on the Hamilton equations of motion 1)2. 5() via the 
introduction of a suitable functional determinant 

%'^ - rdt; V>o,to)] = 5[^'' - io''''dbH]det{5^dt - Lo'^'dcdbH). (2.7) 

Let us now perform a Fourier transform of the Dirac delta on the RHS of (|2.7j) introducing 2n 
extra variables Xa and let us exponentiate the determinant using 4n Grassmann variables c", c^. 
The final result is the following one: 



K{^'',t\ip^,to) = / ^'V^A^c^c exp i I drC 
J I Jto 



(2.i 



where &"ip indicates that the integration in ip is over the paths ip{t) with fixed end points ipo 
and if, while the other integrations ^X&c&c include the end points of the paths in A, c, c. The 
£ which appears in H2.8() is 

£ = Aavi" + icac" - XaOJ^^dbH - icaUJ^^dddbHc'' (2.9) 

and its associated Hamiltonian is: 

n = Xaio^'^dbH + icaUj'^'^dddbHc^. (2.10) 

The path integral ()2.8() has an operatorial counterpart and we shall now check that this is the 
KvN theory. Let us first remember ^ that from the kinetic part of the Lagrangian appearing 
in the weight of a path integral, one can deduce the commutators of the associated operator 
theory. In our case from 1)2. 9|1 we get the following graded commutators: 

[^\h]=i5t, [c^h] = 6t (2.11) 

while all the others are zero, in particular [j5, <?] = and this is the clear indication that what we 
have obtained is CM and not QM. Despite having objects that do not commute, as indicated by 
1)2. 11() . in the CPI there are no ordering problems. This issue is analyzed in detail in Appendix 
G. 

The commutators ()2.11|) can be realized in various ways. One way is to implement (p"' and c°' 
as multiplicative operators and Xa and Cb as derivative ones: 

, d . d , , 

This realization automatically defines a basis |c/9°,c'*) given by: 

ip\ip,C)=ip\ip,C), C\ip,C)=C\ip,C). [■^■^'j) 

The realization ()2.12|) is not the only possible one. Among the 4n operators c^° = {q,p) and 
Xa = {Xg,Xp) we could have chosen to implement q and Xp as multiplicative operators and, as 



they commute because of the commutators (|'2.1ip . diagonahze them simultaneously, f) and Ag 
must then be realized as derivative operators: 

. . d ^ .d 

The same can be done for c" = {cf,cP) and c^ = {cq,Cp). The basis defined by this overall 

realization is 

q\q, Xp, ci, Cp) = q\q, Xp, c^, Cp) 

■^p\Qt'^Pt(^ ) Cp/ ^ AplQ, Ap, C , Cp) 

*-- 1^5 ^pi *-- ) ^p) ^ \Qj ^pj ^ 7 ^p) 

^plQy^p^^ ^C-pl — Cp\q,Ap,C , Cp) . 

Let us for the moment stick to the realization (|2.12|) - ()2.13() and build the operator associated 
to the Hamiltonian (|2.inj) . If we restrict ourselves to its non-Grassmann part, which we will 
indicate with TCb (B for Bosonic), we get: 

Hb = XaUJ^^dbH — > -Hb = -iio'^^dbHda = -idpHdg + idqHdp = L. 

This tells us that TCb is exactly the Liouville operator, so the kernel ((THJ, in its bosonic part, 
can be written as: 

K{ip,t\ipo,to) = {ip\ exp -iL{t - tQ)\ipo). (2.15) 

This confirms (modulo the Grassmann part) that the path integral (|2.8() is exactly the functional 
counterpart of the KvN theory. 

What can we say about the Grassmann part of TC? This has been thoroughly analyzed in 
Refs. 12] and Uj. Here we will be rather brief, referring the reader to papers 2 4 for further 
details. Once the operatorial realization ()2.12|1 is used, the Hamiltonian 7i in ()2.1fl|l is turned 
into the following operator: 

n = -iLo'^'dbHOa - iu;''''dbddHc''-^. (2.16) 

Via the commutators 1)2. lip the equations of motion of the c" turn out to be 

a" = i[W,c'^] =Lo''^dbddHc'^. 

Note that these are the same equations of motion of the differentials dip"" , which can be obtained 
by doing the first variation of the Hamilton equations (|2.5j) . So we can make the identification 

c" = dc^", (2.17) 

that means the c" are essentially a basis for the differential forms of the phase space [5j. In 
general, a form has the expression 

F((^, #) = Fo(^) + Fa{ip)dip'' + Fab{^)dip'' A #'' + ••• , (2.18) 



where "A" is the antisymmetric wedge product usually defined among forms "H]. Via the iden- 
tification (|2.17|) the form (|2.18j) becomes a function of c 

F{ip, dip) -^ F{ip, c) = Fo(^) + K((^)c'^ + Fabi0)c''c'' + ■■■ (2.19) 

where there is no need to introduce the wedge product anymore, because this is automatically 
taken care of by the Grassmann character of the operators c". Like c" can be given a geometrical 

interpretation, the same can be done for the TC in ()2.16|) . This turns out 1211] to be nothing else 
than the Lie derivative along the Hamiltonian vector field jSj associated to H. So this is basically 
the geometrical object which extends the Liouville operator to the space of forms. While the 
Liouville operator makes the evolution only of the zero forms that are the Fo{ip) of (|2.19|) . the 

Lie derivative TC makes the evolution of the entire F{(p, c) with all its components appearing 
on the RHS of ()2.19|) . Besides the forms and the Lie derivatives, also many other geometrical 
structures, like Lie brackets, exterior derivatives, etc. can be written in the language of our 
CPI and this has been done in great details in Refs. |2] and jlj. 

Having now these extra variables c", the "Koopman-von Neumann waves" V'(v^) will be ex- 
tended to functions of both cp and c: ^jj{(p,c). Of course, in order to have a Hilbert space, a 
proper scalar product among these extended waves must be given. All this has been done in de- 
tail in Ref. [7j. Using the basis defined in ()2.13|) and a proper scalar product we could represent 
the "KvN waves" 'ip{ip,c) as: 

((^^c'^lv^) = V'(<^^o. (2.20) 

In this basis we could also generalize the kernel of propagation 1)2. 15(1 to the following one 

K{ip,c,t\ipo,Co,to) = {ip,c,t\ipo,Co,to) = {ip,c\ex.p-iTC(t-to)\(Po,Co), (2.21) 

whose path integral representation is 

K{ip,c,t\ipo,Co,to)= ^"ip&X&"c^cex.pi drC. (2.22) 

J Jto 

The difference with respect to (j2.8j) is in the measure of integration, which in (|2.22j) has the 
initial and final c not integrated over. 

3 Supertime and Superphase space 

We have seen in the previous chapter how the 8n variables (c/?", A^, c", c^), which enter the 
Lagrangian (|2.9j) , can be turned into operators by the path integral (|2.8j) . Actually if one looks 
at C and TC not as weight of a path integral but as a standard Lagrangian and Hamiltonian 
of a classical system, one could then look at (99", Xa, c°, Ca) as coordinates of an extended phase 
space. The variation of the action J drC with respect to Xa, Ca, c'*, ip"" would give respectively 
the following equations of motion: 

if- = uj'"^dddbHc'' 

(3.1) 
Cb = -Caio^-'^dddbH 

Ab = -Lo'^^dddbHXa - iCaUJ^'^dddfdbHcf. 



They could be obtained also via the TL of ()2.1Uj) by postulating the following extended Poisson 
brackets (epb): 

{ip°-, \h}eph = (^fe , {Cfe, C°-}epb = -i^bJ (3-2) 

W,^^}epb = 0. (3.3) 

Note that Eq. (|3.3|) is different from the Poisson brackets (pb) defined in the non- extended phase 
space which are: 

{(^^/}pfe = .;«^ (3.4) 

So we are basically working in an extended phase space. Its precise geometrical structure is the 
one of a double bundle over the basic phase space Ai coordinatized by the variables ip'^. This 
double bundle has been studied in detail in Ref. 4j. 

The reader may dislike the pletora of variables ((/9°, Aa, c", c^) that make up the extended 
phase space described above. Actually, thanks to the beautiful geometry underlying this space, 
we can assemble together the 8n variables ((/j", Aa, c°,Ca) in a single object as if they were the 
components of a multiplet. In order to do that we have first to introduce two Grassmann 
partners {6, 9) of the time t. The triplet 

{t,e,e) (3.5) 

is known as supertinie and it is, for the point particle dynamics, the analog of the superspace 
introduced in supersymmetric field theories [Hj. The object that we mentioned above and which 
assembles together the 8n variables (99, A, c, c) is defined as 

^"{t, 9, 9) = c/?"(t) + 9c''{t) + duj^^Cbit) + i99uj''''Xb{t). (3.6) 

We could call the <I>" superphase space variables because their first components ip"" are the 
standard phase space variables of the system. The Grassmann variables 9, 9 are complex in 
the sense in which the operation of complex conjugation can be defined ^J for Grassmann 
variables. Further details can be found in Appendix A, where we also study the dimensions 
of these Grassmann variables. The main result is that, even if there is a lot of freedom in 
choosing these dimensions, the combination 99 has always the dimensions of an action. Using 
the superfields the relations (|3.2j) - (|3.3j) can be written in a compact form as: 

{$"(t, 9, 9), ^\t, 9', 9')},ph = -ii^'''5{9 - 9')5{9 - 9'), 

which is the extended phase space analog of 1)3. 4|) . We would like to draw the attention of the 
reader to the fact that our eph among superfields are different than those postulated in Ref. [lOj . 
Despite the formal unification of the 8n variables ((/?, c, c. A) into the 2n objects ^'^{t,9,9) of 
(|3.(ij) . the reader may still wonder why we need 8n variables when we know that CM can be 
described using only the basic phase space variables (/?". The answer lies in the fact that we want 
an object, like Ti., which makes at the same time the evolution of the points of the phase space 
(/? and of the forms dip. But we know that the evolution of the forms d(p can actually be derived 
from the evolution of the points by doing its first variation and this implies that somehow the 
variables (99, c, c, A) are redundant. This redundancy is signalled by a set of universal symmetries 



present in our formalism |11|5- The charges associated to these symmetries are hsted below in 
their operatorial form: 

QbrS ^ IC Aa, 
Qbrs = iCaio"" Xb, 



(3.7) 



Qh = Qbrs ~ C Uaii, 
Qh = Qbrs + CaUj"" dfyH, 
k = hjabC^C^ 

We have put on these charges some labels (like BRS for Becchi-Rouet-Stora or "^r" for ghost) 
because they resemble some charges that carry the same name and are present in gauge theories. 
The two charges we are most interested in are Qh and Qh because they make up a ^^universar 
N = 2 supersymmetry (susy), present in any system. In fact their anticommutator is: 

[QH,QH] = 2m. 

The charges in (|3.7|1 act via graded commutators on the variables {(p"',c'^,Ca,Xa) which can 
be considered as the ^^target space^^ variables (in modern language), while the ^''base space" is 
given by the supertime {t,9,9). It is then natural to ask whether the operators (|3.7|) are the 
"representation" on the target space of some differential operator acting on the base space. The 
answer is yes and the form of these differential operators is easy to obtain if we impose on the 
superfield (|3.6|) to be a scalar under the symmetry (|3.7|) . i.e.^: 

^"'{t',e',e') = ^''{t,e,e). (3.8) 

If we indicate with O any of the charges in 1)3. 7|) and with O the corresponding differential 
operator on the base space, then relation (|3.8j) is equivalent to the following one 

From this equation it is easy to derive the form of the various operators O. We indicate below 



^We have put an hat on the $" defined in 13.61 to indicate that we have turned into operators the variables 
(f°',c'^,Ca, Aa appearing in 13.61 . using the rules derived in Sec. 2. 



the expressions of some of them: 



Q,BRS 


d 

de 




Q.BRS 


d 

de 




Qh = 


d 

de 


e^ 


2h = 


1- 


d 

dt 


n = i 


d 
dt 





(3.9) 



From these expressions one sees that the BRS and anti-BRS operators act as translation opera- 
tors in e and e. Instead the supersymmetry operators Qh and Qu turn t into combinations of t 
with e and ^, that is why we called e and e "partners" of t. Once they are applied in sequence, 
these susy operators perform a time translation, as shown by the commutator 

The supertime (|3.5j) is somehow made of three "coordinates" {t,e,e). So two different instants 
in supertime will have respectively coordinates (ii,^i,^i) and (i25^2i^2)- A natural question to 
ask is the following: is there an interval between those two super-instants which is left invariant 
by the supersymmetry transformations? The answer is yes and actually there is more than one 
such interval. For example we can take: 

s = t2-t, + eA - eA- (3.10) 

Eq. (|3.1()j) generalizes the usual interval of time (^2 — ^i); which is invariant under a global 
time translation. Also the interval ()3.1U() is invariant under global time translations just be- 
cause, being invariant under susy, it is also invariant if susy is performed twice, which is a time 
translation. In Appendix B we will specify better what it means that 1)3. 1U() is invariant under 
supersymmetry and we will present other intervals of supertime. All this formalism on time and 
supertime is familiar to people working on supersymmetry but it may not be so familiar to those 
working on issues related with quantization to which this paper is addressed. 

A further aspect of the Grassmann partners of time (0,^) which is worth being explored is 
the following one. We know that, for an operator theory, we can define either the Heisenberg 
picture or the Schrodinger one. In the KvN version of CM the operators, which will be indicated 
respectively as Onit) and Os in the two pictures, are related to each other in the following 
manner: 



Osit) = exp 



im 



Ogexp 



-im 



One question to ask is what happens if we build the Heisenberg picture associated to the partners 
of time e, e. The analog of the time translation operator 7i for e and e is given by Qbrs and 
Qbrs respectively (see Eqs. H3.7|) - ()3.9() ) and so the Heisenberg picture in e, (9 of an operator Os 



is: 



.2 



Ou{e,i 



exp 



OQ + qe Osexp -9Q-Q9 



(3.11) 



where we have dropped the "BRS" suffix from Q and Q. A simple example to start from is 
the phase space operator ip°-(t) which does not depend on 9,9, so it could be considered as 
an operator in the Schrodinger picture with respect to 9,9 and in the Heisenberg picture with 
respect to t. Its Heisenberg picture version in 9, 9 can be worked out easily (see Appendix C) 
and the result is: 

ipl{t) = exploQ + Qolif'^sit) exp\-9Q - M =^""{1,9,9). 

This means the superphase space operators <&" can be considered as the Heisenberg picture version 
in 9, 9 of the phase space operators. The same holds for any function G of the operators (p, i.e.: 



exp 



9Q + Q9 G((^'')exp -9Q - Q9 = Gi^"), 



(3.12) 



see Appendix C for details. In particular, if the function G{(p"') is the Hamiltonian H{(p"') we 
get from (|3.12j) 

SH{^'')S-^ = F[d"] (3.13) 

where S = exp[^(5 + Q9]. 

At this point it is instructive to expand the RHS of ()3.13|) in terms of 0, 9. We get: 



iJ[$«] = Hl^p"] +9N + N9- i99n 



(3.14) 



where 

N = c''daH{ip), N = taUJ^'^dbHiip) 

are further conserved charges I^. The expansion ()3.14|) holds also if we replace the operators 
with the corresponding c-number variables, i.e.: 



Hi^"] = Hiif"] +9N + N9- i99n{^\ K, c^ c^). 



(3.15) 



It is interesting to note that the first term in the expansion in 9, 9 on the RHS of (|3.15|) is H{ip'^) 
which generates the dynamics in the standard phase space (/?" while the last term is 7i, which 
generates the dynamics in the extended phase space (99", Aa, c", Ca). 

The last thing we want to do in this section is to study the equations of motion in the 
Heisenberg picture with respect to 9, 9. Using the commutators ()2.11|) . the equations of motion 
for if"" are 

Passing now to the Heisenberg picture in 9 and 9, we get 



ai a—l 



Sip^s-' = iS[n,^'']s 



^"^ = i[sns-\^''] 



^"^ = iin,^"]. 



^With the scalar product under which the Grassmann operators c and c are Hermitian 0, the operators exp ( 
and exp 9Q are unitary, see Appendix A for further details. 
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All the steps above are trivial except the last one, i.e. STCS ^ = TC, which is due to the fact 
that both Q and Q entering S commute with Ti.. The beauty of the equation of motion 

6'^ = i[?^,$"] (3.16) 

is that it encapsulates in a single equation all the equations of motion 1)3. 1(1 for the 8n variables 
(c/j", c", Ca, Aa), as can be proved by expanding (|3.1()j) in 6, 9. We could call (|H.16|) the super- 
Heisenberg equation of motion. 

We want to conclude this section by noting that our equations of motion 1)3. 16(1 are different 
than those developed in Ref. jJOl- Ours are the same as those which were derived in Ref. [2] 
and in (|3.1() by a variational principle from the Lagrangian C. 

4 Dequantization in the q and ]3-polarizations and supertime 

In this section, which is the central one for our project, we will study the role of the superphase 
space variables $" at the Lagrangian and path integral level. 

We have seen that, for what concerns the Hamiltonians, relation (|3.15|) holds: 

H[^] = H[ip] + eN + Ne- mn 

which implies that 

i f d9deH[<^] =n. (4.1) 



An analog of this relation at the Lagrangian level does not hold exactly. The reason, as explained 
in detail in Appendix C, is the presence in the Lagrangian of the kinetic terms pq, which are 
not present in H, i.e.: 

L{p,q) =pq- H{p,q). 

Replacing q and p in the Lagrangian L with the superphase space variables ^'^ and $p, the 
analog of Eq. (|4.H) becomes the following: 

ifdedeL{<^) = C-j^{Xp^Pi + iCp^cf'), (4.2) 

where C is the Lagrangian of the CPI given by Eq. ()2.9() , and the Xp. , Cp. and c^' are the second 
half of the variables Aq, Cq and c". From now on we will change our notation for the superphase 
space variables: instead of writing 

we will explicitly indicate the q and p components in the following manner: 

where i = (1, • • • , n), and a = (1, • • • , 2n). 
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Going now back to (|4.2|) we could write it as follows: 

C = i I deSL [$] + —{\pp + icpcP), (4.4) 

where we have dropped the indices "i" appearing on the extended phase space variables. The 
expression of C which appears in (|4.4j) can be used in (|2.22|) and we get 

(c/3,c,t|(/9o,Co,to> = / ^'V^-^^"c^c exp i / drZ = 

J Jto 

ft 



I &"ip&Wc&c exp \i I idTdedOLm + (s.t.)j (4.5) 



where (s.t.) indicates the surface terms, which come from the total derivative appearing on the 
RHS of (|n)) and has the form 

(s.t.) = iXpp - iXpoPo - CpcP + CpqcP°. (4.6) 

We indicate with po the n components of the initial momenta. The surface terms present in 
(|4.5|) somehow spoil the beauty of formula (|4.5|) but we can get rid of them by changing the 
basis of our Hilbert space. We showed in Sec. 2 that, besides the basis \f,c) = \q,p,c'^,d'), 
we could introduce the "mixed" basis defined in (|2.14j) by the states: \q,Xp,c'^,Cp). We can 
then pass from the transition amplitude {q,p,c'^,d',t\qo,Po,c'^°,CpQ,t(,) of H4.5|) to the mixed one 
{q, Xp, c'^, Cp, t\qo, ApQ, c"^", Cpo, to)) which are related to each other as follows: 

{Q.i^pi'^ ) Cp, t|5o) -^po' '^ jCpoj'-o/ ^ 

= f dpdpodcPdcP" e-'^pPe^""'' {q,p,c'^ ,cP,t\qo,Po,c'^'' ,cP'> ,to)e'^PoPOe-^po''^° . (4.7) 

Replacing on the RHS of this formula the kernel {q,p,c'^ , c^ ,t\qo,po, c'^° , 0^° ,to) with its path 
integral expression given in (|4.5j) . we get the very neat expression: 

{q,Xp,c'',Cp,t\qo,Xpo,c'^°,Cpo,to) = ^"Q&P exp i idTdddeL{^) (4.8) 

J ^ Jto -' 

where 

&"QS!P = &"qS!p&"Xp&Xq&"c'iS!tiP&"cp&Cq. (4.9) 

We would like to point out three "interesting" aspects of Eq. (|4.8|) . 

1. Note that the surface terms of Eq. (|4.5j) have disappeared in Eq. (|4.8j) : 

2. The measure in the path integral 1)4. 8|) is the same as the measure of the quantum path 
integral [Tl, which is 

{q,t\qo,to)= f ^"q^p exp ^ f dr L[ip]. (4.10) 

What we mean is that both in 1)4. 8|) and in 1)4. 1U() the integration in p and P is done even 
over the initial and final variables while the integration in q and Q is done only over the 
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intermediate points between the initial and final ones. The reason for the notation ()4.9() 
should be clear from the fact that the superphase space variables Q, P are defined as 



p = p + ecP-ecq- mx 



(4.11) 



9' 



so the integration over Q, P means the integration over the elements {q,c'^,Cp, Xp) and 
{p, cP, Cq, Xq) which make up Q and P respectively; 

3. The function L, which enters both the QM path integral ()4.1U|) and the CM one 1)4. 8() . 
is the same. The only difference is that in QM 1)4. 1U() the variables entering L are the 
normal phase space variables while in CM (|4.8j) they are the superphase space variables 
^- = {Q,P). 



Let us now proceed by noticing that formally we can rewrite ()4.8I) as 



{Q,t\Qo,to) 



'Q&P exp 



I I idTd9deL[^] 

to 



(4.12) 



where we have defined the ket \Q) as the common eigenstate of the operators q, Xp, S^, Cp-. 

q\Q) = q\Q), Xp\Q) = Xp\Q), 

ff\Q) = ci\Q), Bp\Q) = Cp\Q). 



(4.13) 



So \Q) can be "identified" with the state \q,Xp,c'',Cp) which appears in (|4.8|) . The reader may 
not like this notation because in (|4.11|) Q contains the Grassmann variables 9 and 6 which do 
not appear at all in (|4.13|1 . Actually, from (|4.13|1 we can derive that the state \Q) is also an 
eigenstate of the supervariable Q obtained by turning the expression 1)4. lip into an operator, 



I.e.: 



Q{e,e)\Q) = Q{0,e)\Q). (4.i4) 

This relation is just a simple consequence of ()4.13() as can be proved by expanding in 9 and 9 
both Q and Q in (|4.14|) . One immediately sees that the variables 9 and 9 make their appearance 
not in the state \Q) but in its eigenvalue Q and in the operator Q. We are now ready to compare 
(|4.10j) and (|4.12)) . One is basically the central element of QM: 



{q,t\qo,to) 



S!"q&p exp 



h 



- / drLM 



to 



while the other is the central element of CM (formulated a la KvN or a la CPI): 



{Q,t\Qo,to) = f ^"Q^Pexp i [ idTd9d9L[<^] 



(4.15) 



(4.16) 



By just looking at 1)4. 15() and ()4.16|) . it is now easy to give some simple rules, which turn the 
quantum transition amplitude (|4.15)) into the classical one ()4.16p . The rules are: 

1) Replace in the QM case the phase space variables {q,p) everywhere with the superphase 
space ones {Q, P); 
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2) Extend the time integration to the supertime integration multiplied by h 

dr — > ih j drdedO. (4.17) 



The reason for the appearance of the "i" on the RHS of (|4.17|1 is related to the complex nature 
of the Grassmann variables 6 and 0, as explained in Appendix A. The reason for the appearance 
of h instead is related to the fact that in (|4.16|) . which is CM, there is no h and so in (|4.17j) we 
need to introduce an h in order to cancel the one of Eq. H4.15() . From the dimensional point 
of view formula (|4.17j) is correct because, as shown in Appendix A, the dimensions of dOdO are 
just the inverse of an action canceling in this manner the dimension of h appearing in front of 
the RHS in H4.17() . This implies that both the LHS and the RHS of ()4.17() have the dimensions 
of a time. We will call the rules 1) and 2) above as dequantization rules. 

Note that these dequantization rules are not the semiclassical or WKB limit of QM. In fact 
we are not sending /i ^ in (|4.15|) and what we get is not QM in the leading order in h, like in 
the WKB method, but exactly CM in the KvN or CPI formulation. We named this procedure 
"dequantization" because it is the inverse of "quantization" in the sense that, while quantization 
is a set of rules which turn CM into QM, our rules 1) and 2) turn QM into CM. We called " 
geometricaF our procedure because it basically consists of a geometrical extension of both the 
base space given by time t, into the supertime {t,6,9) and of the target space, which is phase 
space {q,p) in QM, into a superphase space {Q,P) in CM. We used the expressions ^^base space" 
and ^^target spac^\ as it is done nowadays in strings and higher dimensional theories, where 
procedures of dimensional extension or dimensional contraction are very often encountered. In 
those theories the procedures of dimensional extension is introduced to give a geometrical basis 
to the many extra fields present in grand-unified theories, while the procedure of dimensional 
contraction is needed to come back to our four-dimensional world. We find it amazing and 
thought-provoking that even the procedure of quantization (or dequantization) can be achieved 
via a dimensional contraction (or extension). 

In previous papers |5| we have given brief presentations of these ideas but there we explored 
the inverse route, that is the one of quantization, which is basically how to pass from (|4.16|) to 
(|4.15|) . This goal is achieved by a sort of dimensional reduction from the supertime {t,9,9) to 
the time t, and from the superphase space {Q,P) to the phase space (g,p). In those papers [3] 
we thought of implementing the supertime reduction by inserting a 6{9)5{9)/h into the weight 
appearing in 1)4. 16|) but we found this method a little bit awkward and that is why in this 
paper we have preferred to explore the opposite route that is the one of dequantization which 
is brought about by a dimensional extension. Even if awkward to implement, the quantization 
route from ()4.16|) to 1)4. 15() can be compared with a well-known method of quantization known 
in the literature as geometric quantization (GQ) ^6 . We will not review it here but suffice it 
to say that it starts from the so-called "prequantization space" (which is our space of KvN 

states 'ip{q,p)), and from the Lie derivative of the Hamiltonian flow (which is our TC of equation 
(|2.16|) ). and, through a long set of steps, it builds up the Schrodinger operator and the Hilbert 
space of QM. Basically, in going from 1)4. 16() to 1)4. 15() . we do the same because we go from the 

weight expi J idtd9d9L[^], which is the evolution via the Lie derivative operator exp—iTCt, to 
the weight exp ^ J L[ip], which reproduces the evolution via the Schrodinger operator exp —ij-t. 
Regarding the states we go from the KvN states \Q) to the Schrodinger ones \q) by just sending 
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6,9 ^ in Eq. H4.14() . The difference with respect to GQ is that our KvN states contain also 
the Grassmann variables c and c, which are not contained in the prequantization states of GQ. 
In GQ the reduction of the KvN states to the quantum ones is achieved via a procedure called 
"polarization" while the transformation of the Lie derivative into the quantum Schrodinger 
operator is achieved via a totally different procedure, see Ref. '.B^ for details. In our opinion it is 
somehow unpleasant that in GQ states and operators are "quantized" via two totally different 
procedures. This is not so anymore in our functional approach, which brings 1)4. 16(1 into H4.15() . 
It is in fact the dimensional reduction both in t 



ih / dtdede — > dt (4.18) 

and in phase space 

(Q,P) -^ {q,p), (4.19) 

which at the same time produces the right operators (from the classical Lie derivative to the 
Schrodinger operator) and the right states (from the KvN states \Q) to the quantum ones \q)). So 
we do not need two different procedures for operators and states but just a single one. Actually 
the dimensional reduction contained in ()4.18|1 and (|4.19|) can be combined in a single operation, 
that is the one of shrinking to zero the variables 9,9, i.e.: {9,9) — > 0. This not only brings the 
integration J dtd9d9 to J dt but, remembering the form of {Q,P) i.e. (|4.1H) . it also brings 

Q -^ q. 

Because of this, it reduces the KvN states \Q) to the quantum ones \q), which are a basis for 
the quantum Hilbert space in the Schrodinger representation. Note the difference with the GQ 
procedure: there one starts with the states \q,p) and the "p" is removed through a long set of 
steps, known as polarization ^6^. In our approach instead we first replace the "p" in the \q,p) 
states with the Xp via the Fourier transform presented in 1)4. 7() and then remove the Ap by sending 
{9, 9) — > 0. We want to stress again that the same two steps, 1) Fourier transform and 2) sending 
9,9 ^> 0, which polarizes the states, are the same ones which turn the classical evolution into 
the quantum one. In fact step 1) takes away the surface terms in 1)4. 5() bringing the weight to be 
of the same form as the quantum one and step 2), sending (9, 9) -^ 0, brings the classical weight 
into the quantum one. We feel that this coincidence of the two procedures, for the states and 
the operators, was not noticed in GQ because there they did not use the partners of time {9, 9) 
and the functional approach. This coincidence is quite interesting because (besides a trivial 
Fourier transform) it boils down to be a geometrical operation: the dimensional reduction from 
supertime {t, 9, 9) to time t. We feel that this is really the geometry at the heart of geometric 
quantization and of quantum mechanics in general. 

The reader anyhow may suspect that the simple operation of sending 9,9^0 may well 
produce both the right quantum evolution and at the same time polarize the states but that 
this coincidence takes place only in the Schrodinger polarization. We will prove that this is not 
so. Below we shall show that all this procedure works also in the momentum polarization, while 
in Appendix E we will present the coherent states one. 

Analogously to what we did in (|4.7|) let us perform a partial Fourier transform in order to go 
from the standard {q,p,c'^,cP\ basis of the CPI to the {Xg,p,Cg,cP\ one. In this new basis the 
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transition amplitude is related to the old one in the following manner: 

(Aq,p,Cg,cP,t|Ag(,,po,Cgo,cP°,to) = (4.20) 

dqdqodc''dc'i''e-'^^''+^''''''{q,p,c'i,cf,t\qo,Po,c'i°,<f°,to)e'^^o'io-c,o'^''\ 



Replacing, on the RHS of the formula above, the kernel {q,p,c'^,d',t\qo,Po,c'^° ,0^° ,to) with its 
path integral expression given in (|4.5j) , and using a properly defined discretized form of this path 
integral we get: 

{Xg,p,Cg,dP,t\Xq^,Po,Cgg,d"',to) = (4.2l) 

&QS)"p expi / idTdedelii^] - ^^^1 • 

Differently from the case of the ((7, Ap,c'^,Cp| states, the surface terms coming from the partial 
Fourier transform in ()4.2U|1 and those coming from H4.6() do not combine to cancel against each 

d{QP) 



other. Nevertheless, as indicated explicitly, the surface terms that remain in (|4.2H) . i.e. 



dt ' 
can be written in terms of the superphase space variables Q and P, as we will prove in detail 

in Appendix D. Also the states appearing in (|4.21|) . i.e. \Xq,p,Cq,d'), can be formally written 

in terms of the supervariables. In fact we should note that the variables {Xq,p,Cq,d') entering 

these states are exactly the components of the P of (|4.11j) . Analogously to what we did in (|4.1IS|) 

for the state \Q), we could define the state |P) as the common eigenstate of the operators p, Xq, 

Cq and c^: 

p\P)=p\P), Xq\P)=Xq\P), 

tq\P)=Cq\P), CP\P)=CP\P). 

The equations above can also be written in a compact form as P{9,9)\P) = P{6,9)\P). It is 
then natural to identify the state \P) with the state |Ag,p, Cg,c^) appearing in (|4.2H) .'^ which 
can be rewritten in the very compact form: 

{P,t\Po,to) = f &Q^"P expi I idTdOdolLm - '^!^El\ . (4.22) 

Let us now remember the expression of the quantum transition amplitude in the momentum 
representation 

(p,t|Po,to)= /d(7d(?oe-*P^/^(g,t|(7o,to)e+*^o^°/^ (4.23) 



By using a properly defined discretized form we get for ()4.23|) the following expression^ 

(P, t|Po, to) = j ^q^"v exp \ ^* dr (^L{q,p) - ^) . (4.24) 

^Using the completeness relations which arise from these \P) states and the \Q) ones of Eq. (14.1411 it is possible 
to build, via the standard Trotter formula, the path integral of the CPI directly in the superfield (or superphase 
variables) form. It is also possible to derive the graded commutators 12.1111 via generalized commutation relations 
among the superfields. Further details can be found in Appendix F. 

■^To make the reader understand how one can pass from the &"qS^p measure to the SiqSi"p one in Appendix D 
we report the discretized derivation of this formula which can anyhow be found in the literature, see for example 
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At this point, looking at the quantum expression ()4.24l) and at the classical one (|4.22() . it is clear 
that the dequantization procedure that leads us from (|4.24|) to (|4.22j) is made of the same two 
rules which worked in the coordinate representation and which we wrote in italics in the lines 
below Eq. (|4.16j) . This confirms that our procedure works also in the momentum representation 
and that also in this case the same set of rules produces both the right evolution operator and 
the right representation. 

Before concluding this section, we would like to draw again the reader's attention to three 
crucial things, which made the whole procedure work as nicely as it did. The first one is that the 
classical weight J dtC and the quantum one J dtL belong, modulo surface terms, to the same 
multiplet. In fact if we expand S'[<1>] = J diL[$] in 9 and 6 we get: 

5[$] = / dtL{^) + eT{^, A, c, c) + eV{^, A, c, c) + iee( I dtC{^, A, c, c) + s.t. J , (4.25) 

where the functions T and V are the analog of the A^ and N which appeared in (|3.14j) . It is not 
important to write down the explicit form of T and V but to note that in 1)4. 25(1 the weights 
entering respectively the QPI, i.e. J dtL{ip), and the CPI, i.e. J dtC{ip, X,c,c), belong to the 
same multiplet (modulo surface terms). Somehow we can say that "God has put CM and QM 
in the same multiplet (modulo surface terms f\ 

The second thing to note is that in the statement in italics and between quotation marks 
written above we can even drop the "modulo surface terms" part of the sentence. In fact those 
surface terms are crucial because, combined with the extra surface terms coming from the partial 
Fourier transforms of Eq. (|4.7|) or (|4.2fl|) . they give exactly the classical weight that goes into 
the quantum one by the single procedure of sending 0, ^ — > 0. 

The third crucial thing to note is that the partial Fourier transform of Eq. (|4.7j) or l|4.2()j) . 
which produces the extra surface terms exactly needed to implement the procedure above, it 
produces also the right classical states that go into the quantum ones by the same process of 
sending 0, ^ — > 0. This set of "incredible coincidences" works both for the momentum and the 
coordinate representations and, as shown in Appendix E, also for the coherent states ones. 

The last issue that we want to touch is the one of ordering ambiguities. We know that there are 
no ordering problems in CM, at least in its standard formulation, while they are present in QM. 
This issue is at the basis of the fact that the quantization is not unique, i.e. starting from the 
same classical Hamiltonian we can end up in many different ones at the quantum level according 
to the ordering we choose. Is this ambiguity resolved by our method of quantization? The answer 
is no. In fact CM, even if formulated a la KvN (or CPI), presents no ordering ambiguities as 
proved in detail in Appendix G. A detailed proof of this fact was needed because in principle 
the KvN (and CPI) formulation contains operators like <f^, Xa, which do not commute and so 
it could have presented ordering ambiguities. Having no ordering problem at the CPI level we 
conclude that these problems are injected into QM, not by the non-commuting operators of the 
CPI, but by the limiting procedure of sending 0,0 —> 0. This limit in fact changes the kinetic 
term in the CPI from <1>p<1>9 to pq which in turn implies the non-commutativity of p and q at the 
quantum level. We can conclude by saying that our quantization procedure does not solve the 
lack of uniqueness present in the standard quantization process. 
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5 Generating Functionals and Dyson- Schwinger Equations 



The correspondence that we estabhshed between the transition aniphtudes H4.15() and H4.16() can 
be extended also to more general objects, like the "analog" of the generating functionals Z[J] 
of quantum field theory. The object we have in mind can be defined as follows 



ZQMi[Jait)];q,qo,t-to) 



&"q&p exp 



90 



h 



dT {L[^] + Ja^'') 



to 



(5.1) 



It is not the vacuum- vacuum functional of quantum field theory but a functional of some external 
currents Ja and a function of the initial {qo,to) and final {q,t) points which generalizes the 
transition amplitude (|4.15|) . 

The classical analog of Zqm is the generalization at the level of generating functional T^ of 
the expression ()4.16l) : 



■^CM {[Sa{t, 9 , 0)]; Q , Qo,t — to) 

cQ 
'Qo 



(5.2) 



t _ ft 

i I idrdOdO L[<^] + i dr {J^aip" + Jy^^X^ + J^ac" + CaJca) 

to Jto 



The 8n currents (J,^a, Ja„, Jc", Jca) can be grouped together in a supercurrent Ja defined as 

Ja = ^abJXt — iG^abJch + iOJc<^ — iOOJ^pa. 

Using this expression, the terms of (|5.2|) depending on the currents can be written in a more 
compact form as 

t /■* _ 

dr {J^aip" + Jx^Xa + J^ac" + CaJca) = i dT dO dO {J a^") ■ 

I to Jto 

In this manner the Zcm of (|5.2|) assumes the following compact expression 

ft 



ZcM{[Ut,0,9)];Q,Qo,t-to)= / ^"Q^Pexp 
which can be compared to the quantum one of (|5.1|) 



I I idrdOde {L[$] + JJa^'^} 
to 



(5.3) 



ZQM{[Jait)]]q, qo,t-to)= / ^"q&p exp 

•Jqo 



h 



dT{L[ip] + Ja^^) 



to 



(5.4) 



One immediately notices that the dequantization, i.e. passing from Zqm to Zcm, is achieved by 
applying to the RHS of (|5.4)) the following three rules 



1) dT — > ih I dTdOde, 

2) 99" — > $^ 

3) Ja{t) -^ Ut,o,e). 
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There is the rule no. 3), besides the two old ones, because Z is a functional of the current. 
It is clear that these rules work because Zq^ and Zq^ have the same functional form. This 
identity in the functional form has a further consequence. We know in fact that the generating 
functional Z[J] satisfies a functional equation, known as Dyson-Schwinger equation ^Hl- Since 
both ZcM and Zqm have the same functional form we expect that they satisfy two Dyson- 
Schwinger equations with the same functional form. This is what we are going to prove. 

We know ^Sj that the integral of a total derivative is zero and this works also in the functional 
case, so once these two operations are applied in sequence to a functional F[(p] we get zero, i.e. 



J!^cp±F[^]=0. 



If we choose F[ip] to be exp 



S[ip] + / dtJaif" 



where 



S[^] = jdtLi^), 



we get: 



which is equivalent to: 



Remembering that 



&ip 



6ip 



^(f 



exp -{S[^]+ I dtJaif" 



5S_ ■ 

6ip 



exp 



0, 



- ( S[ip] + I dtJaif" 



(5.5) 



-ih^— exp 

OJa 



^ / dtJaV" 



Lp exp 



- / dtJa^" 



(5.6) 



we can replace the fields ip"' with 



-ih and rewrite (15.51) as: 

5Ja 



% {-^^h) + Jit) 



Zqm[J\ — 0, 



(5.7) 



where we have used the explicit expression of the generating functional (|5.1() . Eq. 1)5. 7() is 
the Dyson-Schwinger equation satisfied by the generating functional Zqm[J] and it can also be 
rewritten as: 



dt -ih 



dJa{t) 



LU 



ab 



dhH -ih 



"SJit) 



+ uj'''Jb 



^QMiJa] — 0, 



(5.8) 



where the combination of functional derivatives present on the LHS of ()5.8|) comes from the 

term -— in (15.71) . which in our case is dt(p°' — lo"''' dbH (cp) , and by replacing ip with —ih-—, as 
dip oJ 

dictated by the rule 1)5. 6|) of the Dyson-Schwinger equation. 



Performing the same steps for the classical generating functional Z, 



get 



dt 



5ia{t,e,e) 



Lo^^dbH 



5j{tfi,e) 



+ 0J 



ab 



CM[i] written in 1)5. 3|) we 
Zcm[J]=0. (5.9) 
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The combination of superfunctional derivatives present on the LHS of ()5.9() is obtained from 
the LHS of the super-equations of motion dt^"' — uj"' -ktt{^) = which, as proved in Ref. 

0, are formahy equivalent to the set of 8n equations of motion (|3.1() . To get ()5.9() we must 
also remember that the definition of the functional derivative with respect to the supercurrent, 

- Jrf(t, e', 0') = 6'^5{9' - 9)6{e' - 6), implies that the analog of Eq. (EIEl) is given by: 

oSa[t,0,9) 



exp\i I idt'de'de'idit',e',e')^'^{t',e',e'] 



= -^''{t,0,e) 



exp i / idt'de'de'Sd{t\e\e')^^{t\e\e') 



The previous equation tells us that we can replace the superfield variable ^{t,9,6) with the 

functional derivative =-, as we did to get Eq. (|5.9|) . 

61{t,9,9) 

Eqs. H5.9|) and H5.8|) prove that the classical and the quantum Dyson- Schwinger equations are 

formally very similar. One can pass from one to the other via the replacements 

1) Ja{t) -^ Ut,o,e), 

2) -ih 



SJait) 



dSa{t,e,e) 



The reader may think that rules 1) and 2) are in contradiction with each other because in 1) 
there is no h while in 2) an h makes its appearance. Actually there is no contradiction because 
we should remember that the functional derivative acts on integrated things, so for example 

-—— — — g- acts on objects like / dtdOdd F[Sa{t,9,0)]. We know that one of the dequantization 

rules is 



/ dt — > ih / I 



dt — > ih dtdOdO. 
So if we pass from the functional derivation in J{t) to the extended one: 



5 / dt'F[J{t') 



6 / dt'de'd6'F[i{t',e',e')] s 



ih / dt'd9'de'F[s{t',e',e')] 



sj{t) 6i{t,e,e) 

we see that the correspondence between the functional derivatives is 
which is equivalent to rule 2): 



ih6Sit,e,9) 
6 



1 



6J{t) 



ih6i{t,e,d) 



-ih 



SJ{t) 



6i{t,e,9) 



6 Warnings on the Dequantization Rules 

The three dequantization rules that we have proposed up to now, and listed under Eq. H5.4() . 
need some further specifications that we are going to discuss in what follows. 
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A) If we take the path integral expression for the quantum transition amphtude H4.15() . and 
perform exphcitly the functional integration (when this can be done exactly) we will get a 
function KQM{q, qo', t — tg) of the initial and final configurations Qq and q, and of the interval 
of time {t — to): 

{q,t\qo,ta) = KQM{q,qo;t-to)- 

Analogously if we do the same for the classical transition amplitude (|4.1(ij) we will obtain 
something like: 

[Q, t\Qo, to) = AcmI^i '^pj c ,Cp,qo, Xp^, c , Cpg; t — to), 

where Aqm is a function of the components of the initial and final superfields Qo and Q. 
If we now naively apply one of the dequantization rules which says: "Replace q with Q in 
order to pass from QM to CM", we expect that 



AqmIVi Qo] t ~ to) — A, 



CM- 



(6.1) 



This is not so for a simple reason: the classical transition amplitude Acm on the RHS of 
Eq. (|(i.l|) is equivalent to the kernel of propagation (|4.7j) . which does not depend on the 
Grassmann partners of time 9 and 6, while the Aqm(Q,Qo) on the LHS of (|6.1|) would 
depend on 6, 9 via the supervariables Q and Qo- 

This is a first indication that we should not apply the dequantization rule mentioned above 
in an indiscriminate way. The replacement g — > Q or c^ — > $ works only if we apply it 
to the functional integration measure and to the weight entering the path integral, or in 
general to any functional expression, like it happens for the Dyson-Schwinger equation. 
The replacement does not work if we do it in a function. 

B) A further example of this fact comes from the comparison between the quantum commu- 
tators 



r{t),v'{t) 



itkj 



ab 



(6.2) 



and the classical ones (|2.11|) which, as shown in Appendix F, can be easily written in terms 
of superphase space variables as 



$"(t, e, 6), $"(*, 9', 9') = uj''^6{9 - 9')6{9 - 9'). 



(6.3) 



We immediately see that, replacing in ()6.2() c^" with $", we do not end up in H6.3() . So 
the simple dequantization rule, which says "replace if with $" , does not work also in this 
case. Again we have to apply it, but at a functional level. So we should start from the 
path integral (or functional) expression that is responsible for producing, at the operatorial 
level, the relation (|6.2() . That expression is the kinetic part of the quantum path integral 

y'q!^p exp — / dr pq — {■ ■ ■) 
n- J to L 



Applying the dequantization rules: if"" 
level, we get 



$" and J dr — > ih J dTd9d9 at this functional 



[ &"Q&P expi [ 
J Jto 



idTd9d9 



PQ 
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and from this expression we can derive, as proved in Appendix F, the commutators l\b.'d^ . 
So we can pass from (|6.2|) to (jHSI)) but not by naively doing the replacement ip*^ — > <&" 
at the level of the functions of ()6.2|) . We have to do that replacement, as in the case 
A) analyzed before, at the level of the path integral (or functional) which produces the 
expression (|6.2() . 

C) A third example, which tells us that we have to apply the dequantization rules only at 
the functional level, comes from looking at the observables of the quantum theory. We 
know that in QM the observables are given by the Hermitian operators of p and q. Let us 
indicate them as 0{ip'^): 

Pir)]^ = o{r)- 

If we naively apply the dequantization rule c^" — > ^" we would get that the classical 
observables are given by 0($°). These are objects that would depend on 6 and 6, while 
we know that the classical observables are just functions of p and q and the generators of the 
canonical transformations at the CPI level are the Lie derivatives along the Hamiltonian 
vector fields associated with 0(c/?"). How can we recover these objects by going through 
our dequantization rules? Again the trick is to apply the rules at the functional level. 

How can we go from a quantum observable to some ^^functionaF expression? Well, we can 
associate to every Hermitian operator 0{(p) a unitary one, defined as 



Uo{a) 



exp 



--0{^)a 



where a is a real parameter labeling the transformation generated by 0((^). We can then 
sandwich this operator among two states {q\ and \qo): 



{q\ exp 



-^0{^)a 



m) 



(6.4) 



This expression is analog to the kernel of evolution where 0{(p) is replaced by H{(p) and 
a is the interval of time t 



{q\ exp 



h 



H{0)t 



iQo) 



(6.5) 



We know that Eq. (|6.5|) has a path integral expression obtained by slicing the interval t 
in N parts and inserting the completeness relations. The same can be done for (|6.4I) as 
follows: 



{q\ exp 



--O{0)a 



m) 



lim {q\e n.'^ n 



±d— f '^P 



2TTh 



\Pn){Pi^ 



dg'iv-ik]v-i)(giv-i|e fi'^^ 



/ 



dpis 



27rh 



\Pn-i){Pn-i\ 



dqi\qi){qi\e »' 



dpi 

2TTh 



\pi){pi\qo)- 



This leads to the following expression 



{q\ exp 



Oa 



N-l 



ko) = n r^^U 



i=i 



N 



i=i 



dPj 

2TTh 



exp 



-O 



22 



N 



where O = "^ \^Pj{qj - qj^i) 
integral form as 



a 



0{qj,pj) , which formally can be written in a path 



{q\ exp 



40a 

n 



\Qo) 



^"q&p exp - 



da 



P-— -0{q,p) 
da 



(6.6) 



In this way we have built a ^^functionaF expression from the operator O. Now we can 
apply to the functional on the RHS of H6.6|) the following dequantization rules: 



da — > ih I dadOdO, 



What we get is: 



^"Q^Pexpi / idadedO 

'o Jo 



P*-0(., 



(6.7) 



Comparing this with H4.16() it is clear that 1)6. 7() gives the classical transition amplitude 
{Q,a\Qo,0) which in turn can be written, analogously to (|2.21|1 . as: 



(Q,a|Qo,0) = (g|exp-iOa|Qo>, 



where 



ab' 



O = -iaj'^'dbOda - iuj^'dbddOS 



d 



This is the classical Lie derivative along the Hamiltonian vector field associated to 0{ip"') 

jS] and is the analog of the 7i of H2.16() . So this is the manner to build the classical analog 
of the transformations generated by the quantum operators 0(<^). Again we have applied 
our usual dequantization rules, but only at the functional level. 

D) Another object on which we should be careful in naively applying our dequantization rules 
is the wave function. We had seen in Sec. 4 that the substitution q ^ Q works at the 
level of abstract kets \q), in the sense that the states \Q) obtained via our substitution are 
really the states appearing in the classical transition amplitude (|4.16|) . Now if we try to 
apply this rule also to the wave functions 



{q\^P)=i^iq) 



(6.8) 



by substituting on the RHS above q ^ Q, then we get ip{q) — > V'(Q)- Of course this 
ip{Q) does not belong to the "classical" wave functions of KvN that we have introduced in 
()2.2UI) . V'(Q) ™ fact depends on 6 and 6, while the KvN wave functions are just functions 
of 99" and c" or of q, Xp c'^ and Cp, according to the representation we choose. Actually 
also the ket \Q) did not depend on 9 and 6, as explained in Sec. 4. In fact \Q) was defined 
as the eigenstate of the operator Q 



,0)\Q) 



,0)\Q), 
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so the dependence on 6, 9 was contained in the operator Q and in the eigenvalue Q but 
not in \Q), which, as explained in Sec. 4, could be identified with |g, Ap, c^, Cp). This 
means that the set of wave functions of the operatorial theory lying behind the CPI can 
be written as 

(QIV') = (q, Ap, c^, CpiV') = il^{q, Ap, c^, Cp). 

This confirms that the substitution q ^ Q cannot be applied to both sides of Eq. (|6.8|) 
since the correct association is given by: 

{qlip) = ip{q) 

{Q\^|;) = V'(9,Ap,c^Cp)/7/;(Q). 

E) The last warning we want to issue on our dequantization rules regards the extension in 
the base space t — > {t,6,6), given by the rule: 

dt — > ih dtdeS. 



We have seen that this rule works in all the cases we have treated and that even the 
functional derivative with respect to the current J is strictly related to this rule. The 
reader may wonder that, if we extend the integration and the whole base space from t 
to (t, 9, 9) then we should extend also the derivative with respect to t, i.e. d/dt to a sort 
of combined derivative, like for example the covariant one [9]-|16j. This actually does 
not happen, as it is clear from the weight in ()4.8() . which contains in L[^] the normal 

time derivative / dtd9d9{PQ + •••)> ^^ from the Dyson- Schwinger equation (|5.9|1 which 

also contains the time derivative. The fact that the integration gets extended, while 
the derivation is not, needs for sure further study. Besides this technical point, we feel 
that further work is needed to better understand the physics behind our dequantization 
procedure. 

7 Conclusions and Outlooks 

We will not summarize here what we did in this long paper and in its appendices. We will only 
write down the dequantization rules, which are now in their complete form, and next we will 
outline some physical ideas that we are pursuing at the moment. 

We can summarize our dequantization procedure as follows. In order to pass from QM to CM 
one must apply the following rules: 

1) Given a QM object, in case it is not already written in functional form, build from it a 
functional expression, which either gives the action of that object on the states, or from 
which the object itself can be derived; 

2) Next, in that functional expression perform the following replacements: 



24 



A) the time integration with a proper supertime integration: 

dt — > ih dtdOdS, 



B) the phase space variables with the superphase space variables: 

C) and the functional derivatives with respect to the external currents J(t) with those 
done with respect to the supercurrents S{t,9,6): 

ih 



6J{t) 61{t,9,9)' 

As we repeatedly said these rules are very geometrical (and beautiful in our opinion), but we 
feel that we should try to better understand the physics behind them. In what follows we 
will briefly and qualitatively present some of our ideas on this issue. We apologize in advance 
with the reader if some of these ideas may sound to him too vague or too farfetched and not 
yet technically very precise. We want only to convey the flavor of what may lie behind our 
geometrical construction. 

The first issue of physics we want to understand is the physical meaning of the Grassmann 
partners of time and 9. We know that the Grassmann partners c" of the phase space variables 
(/?" can be identified with the forms dip"" or the Jacobi fields Sf"" between two classical trajectories 
[2]. It seems then "natural" to identify 9 with dt or At that means with the infinitesimal of 
time. It is actually not so, as can be understood from dimensional reasons. From Appendix B 
and particularly formula ()B.2|) it seems more appropriate to identify 

At ~ ee. (7.1) 

Some other reasoning, rather approximate and intuitive, contained in Appendix H, seems to 
confirm formula l\7.1^ . 

Let us now remember our procedure of quantization, that means how to pass from (|4.16|) to 
1)4. 15() . We said that it corresponds to taking the limit of 9,9 — > 0. This can be technically 
achieved by inserting into the weight J dtd9d9L[^] the expression 6{9)6{9)/h, which is actually 
equal to 99 /h, and also, using ()7.1|) . to At/h. This tells us that we are inserting into CM the 
constraint 

At ~ h. (7.2) 

This is somehow equivalent to the crucial feature of QM which says that J17j 

(Ag)2 ^ Ath (7.3) 

and which indicates the universal Wiener process present in QM. Now, as Aq ~ At if c = 1, we 
get from (|7.3|) that (At)^ ~ Ath, which is exactly ()7.2() . So, summarizing, we can say that, by 
introducing the term 6{9)6{9)/h, we are injecting into the weight of CM the crucial feature of 
QM given by relation ()7.3|) . This gives a "rough" physical explanation of the reasons why our 
geometrical dimensional reduction of supertime, achieved via 9,9^0, injects the right quantum 
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mechanical ingredient. This analysis needs further refinement and a more precise technical study 
but we feel that, even in this rough form, it encapsulates the physics behind our process. 

Some other ideas, which may convey the feeling of what is going on, are the following. We 
know |18] that time can be turned into an inverse temperature. Maybe something similar can be 
done with the Grassmann time. Then the limit 6,6^0, with which we get QM, may indicate 
that the "temperature" associated to the Grassmann time is actually going to infinity in QM. 
This would mean that in QM there is a sort of very high (infinite) Grassmann temperature. This 
infinite temperature may be responsible for the zero point energy and explain why it cannot be 
turned off in QM. 

If the reader is not pleased with this concept of Grassmann temperature as inverse of the 
Grassmann time, we could propose the following other picture. A quantity that is the inverse of 
time is the frequency fj. Maybe we can define also a frequency ug associated to the Grassmann 
time 9. Then the 9,9^0 limit, with which we get QM, may indicate that the associated 
frequency vg is going to infinity. Of course ug, like the temperature in the previous picture, is a 
Grassmann quantity and to say that we send it to infinity has to be properly defined. We are 
well aware that these are all very qualitative and vague ideas but they might be the starting 
points to get some new view on QM. Well, the first problem that CM faced was the black body 
radiation. There it appeared that CM was giving the wrong results when ut ^ oo and we had 
to pass to QM which, in our picture, would mean fg — > oo. So somehow both frequencies must 
be taken to the same limit if we want the correct theory. Maybe this is a signal of a symmetry 
linking the two frequencies, like there is a symmetry linking t and 0. It is as if God did not 
want this symmetry to be broken and forced us, when we send vt -^ oo, to do the same with vg. 

The last idea we want to flash at the reader is the following. Up to now we have passed from 
QM to CM or from CM to QM by doing something by hand: either inserting a 5{6)8{9)/h in 

the weight of ()4.16|1 to pass from CM to QM, or extending by hand the integration / dt — > 

ih / dtd9d9 and the phase space variables c/j" — > ^"^ to pass from QM to CM. We would like 

to find a manner to realize the same steps in a more natural way. An idea we have in mind 
is to study the various symmetries present in the CPI. Some of these symmetries were already 
discovered in Ref. and presented in Sec. 3. They are BRS-like and supersymmetry-like 
invariances plus some other ones, like "ghost" number and "ghost" conjugation. We feel that 
these are not the only universal symmetries present in the CPI. One idea is to make the £cpi 
invariant under a local supertime reparametrization of the form: 

t' = t'{t,9,9) 

e' = 9'{t,9,e) (7.4) 

9' = 9'{t, 9, 9) 

or even a "field-dependent" reparametrization of the form 

t' = t'(t,0,^;$") 

9' = 9'{t,9,9-^'') (7.5) 

9' = 9' {t, 9,9-^''). 
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We call it "field-dependent" because the target space variables $" are like fields with base space 
{t,9,6). Let us call the Lagrangian invariant under (|7.5|) as i2inv The "superdiffeomorphism" 
invariance H7.4|) - (|7.5() will require the introduction of a supermetric so that the "super- interval" 
of time will be given by something like: 

A = gttiU - t,f + gteit, - t,){e, - 9,) + gte{t, - t,){e, - 9,) + gQQ{9, - e,){9, - 9,). 

Of course the symmetries ()7.4p and H7.5() must be gauge-fixed once we build a path integral 
for £inv Maybe the old i2cpi could be identified with the C\m-, once we choose a particular 
gauge-fixing. Also the weight of QM, L{ip)^ could be a particular "gauge-fixed" version of £inv, 
in particular it could be the one for which 

9te = Qte =9ee = ^- 

The reason is that this choice of metric would take away every dependence on 9, 9, like it must 
be in QM. So somehow we would get the limit of 0, ^ — > by a proper choice of the metric or 
of the "gauge-fixing" . The picture that would emerge is that both CM and QM are different 
gauge-fixed versions of a unique theory given by the Lagrangian Cim, see Fig. 1. 



Fig. 1 

£cpi " * L{ip) 



gauge-fixing (1) gauge-fixing (2) 



If QM and CM are different gauge-fixed versions of the same theory then it should be possible 
to pass from one to the other via a gauge transformation. This would mean that QM and CM 
are equivalent theories and we know they are not. So why we cannot turn CM into QM by a 
gauge transformation? The reason may be that the gauge symmetry is affected by an anomaly 
and so it would not be possible to perform the gauge transformation which would "rotate" £cpi 
into L{ip). Usually anomalies appear in multidimensional field theories and not in point particle 
systems like ours. An exception is made by the "large gauge transformations" ^H] which could be 
anomalous also for systems with a finite number of degrees of freedom. So the anomaly we have 
in mind could be on the "large gauge transformations" belonging to 1)7. 4|) . Another possibility 
is that the transformations of the type (|7.5|) could present an anomaly even for systems with a 
finite number of degrees of freedom. These kind of "field dependent" reparametrizations have 
not been studied much in the literature and we could find some surprises. 

Another reason why we feel an anomaly could affect the transformation (|7.5|) is the following. 
There is a universal symmetry under which QM is "anomalous" or at least non- invariant: it is 
the symmetry that rescales the overall action. In fact the presence in QM of h, the quantum 
of action, would forbid a symmetry that rescales the action and we have indications that this 
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symmetry belongs to the class of ()7.5() . The reader may be rather puzzled by the picture we have 
outlined and ask how h would make its appearance from £cpi- As everybody knows, anomalies 
are indicated by the non-invariance of the functional integration [20j . The Jacobian that arises 
from the non-invariance of the measure must be calculated precisely and it usually needs a 
regularization procedure. We feel that h (or a cut off A on the action volume) is the regularizing 
parameter we need to calculate this determinant. Work is in progress on these ideas and we 
hope to be able to present it soon to the physics community. 
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Appendices 



A Appendix 



In this Appendix we will analyze the complex nature and the physical dimensions of the Grass- 
mann variables c, c, 9, 9 entering the definition (jSIHl) of the superfield $": 

$" = (^« + 0c" + Su^^Cb + muo'^^Xb. 

Let us consider the superfield $° as an operator and impose the scalar product under which 
the Grassmann operators c and c are Hermitian, see Ref. for further details. Since the first 
component (p of the superfield <5 is Hermitian we require the entire superfield operator to be 
Hermitian. From 

<^« + (^9* + oj''%e* - iuj''''Xb9*9* = ^'' + 90" + 9oj''''5b + mu^^Xb 

we easily get that the two Grassmann partners of time 9 and 9 must be imaginary: 

e* = -9, 9* = -9. (A.l) 

Of course, other choices of the scalar product imply other conventions about the character of 
the variables 9 and 9. For example, if we impose the symplectic scalar product [7], under which 
the Hermiticity conditions among the Grassmann operators are given by: 

(c'^)t = iu''%, (g,)t = iuj,,c\ 

and we require the superfield to be Hermitian: 

(^'^ + iuj''%9* + ic^9* - i9*9*uj''^Xb = ^p" + 0c" + 90^"% + i99uj''^Xb 

we get the following relations among the Grassmann partners of time: 

r = i9, 9* = i9. 

Finally, with the scalar product under which c^' = Ca 7^, it is impossible to have a Hermitian 
superfield operator. Anyhow, if we stick to the scalar product under which the operators c and c 
are Hermitian, we can take the Grassmann partners of time 9 and 9 to be imaginary, Eq. ()A.1|) . 
With this choice it is easy to prove that the presence of the factor "i" in Eq. (|4.17j) is crucial to 
have a real integration measure: 

{id9d9y = -id9*d9* = -i{-d9){-d9) = -id9d9 = id9d9. 

Not only, but with the scalar product under which the Grassmann operators c and c are Hermi- 
tian the BRS and anti-BRS charge of Eq. ^M\) are anti-Hermitian, i.e. Q = ~Q &i^d Q = —Q- 
Consequently, the operators exp 9Q and exp Q9, entering the connection between the Schrodinger 
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and the Heisenberg pictures given by Eq. ()3.11j) . are unitary. In fact the anti-Hermiticity of Q, 
Q and Eq. (|A.lj) imply: 

[exp(^Q)]t = exp(Qt0*) = exp(Qe) = exp(-0Q), 

which means that exp(0(5) is a unitary operator. A similar proof holds for exp((5^). 

Another interesting point to discuss is the physical dimension of the Grassmann variables 6 
and 6. Let us start by considering that, in the definition (|4.3|) of the superfields, q and 66\p 
appear in the same multiplet. So, from the point of view of the physical dimensions, we will 
have: 

[q] = [ee][\,] -^ m = [q][\,]-\ 

Now [p, Ap] = i, so the dimensions of Ap are just the inverse of the dimensions of p and so we 
can derive that the product 66 has the dimensions of an action: 

m = ['iM = n- (A.2) 

The dimensions of the product of the infinitesimals d6dd instead can be derived from the following 
equation: 

■H = i I d6d6H. 



As an operator 7^ is a derivative with respect to t, so it has the dimensions of the inverse of a 
time: [Ti] = T~^ while H is an energy, so its dimensions are: [H] = ML'^T^'^. This immediately 
implies that the dimensions of d6d6 are given by: 

[d6d6] = [n]/[H] = M-^L~^T = L-\LMT-^)-^ = [q]-\p]-\ 

From the previous equation we derive that the product d6d6 has the dimensions of the inverse 
of an action: 

[d6d6] = [h]-\ (A.3) 

The previous equation is consistent with the standard definition of the Grassmann integration, 
which through all this paper is the following one: 

d6 1 = 0, fd6 1 = 0, Id66 = l, ld66 = l. 



Such definition implies that [d6\ = [^]^^ and {d6\ = \fi\^^ , i.e. the dimensions of the infinitesimal 
of a Grassmann variable are just the inverse of the dimensions of the Grassmann variable itself. 
This is perfectly consistent with Eq. ()A.2|) and (|A.3|) . 

Even if the dimensions of the product 66 are uniquely determined, there is still an arbitrariness 
in the dimensions of the single variables 6 and 6. In fact, from the expression of the superfields: 

Q = qj^ec'i + 6cp + mXp, p = p + 6cP-6cg- mXq, 

and the fact that all the components of a superfield must have the same physical dimensions, 
we can derive that q must have the same physical dimensions of 6c'^ and 6cp, while p must have 
the same physical dimensions of 60^ and 6cq: 

[q] = [6c'i] = [6-Cp] (A.4) 

[p] = [6d>] = [6-c,]. (A.5) 

30 



Nevertheless we cannot determine in a unique way the dimensions of the single fields c^, (? ^ 
Cq and Cp. The only thing that we can derive, dividing (|A.4|) by l|A.5|) . is that the following 
equations hold: 

This means that only the ratio of the dimensions of the variables c and the ratio of the dimensions 
of the variables c can be determined. It is quite easy to show that Eqs. (|A.2|) and HA.6|) guarantee 
the dimensional consistency of all the formulae that can be derived from the CPI. In any case, 
we must stress the fact that there is nothing in the theory that can fix the dimensions of the 
single Grassmann variables c and c. Consequently there is nothing in the theory that can fix 
the dimensions of the single Grassmann partners of time Q and d. 

Anyhow since the Grassmann variables c can be interpreted as the Jacobi fields or the first 
variations of the theory & « 593", see JH-jTj, we could take the physical dimensions of c? to be 
identical to the physical dimensions of q and the physical dimensions of cP to be identical to the 
physical dimensions of p. With these conventions we would have that d is dimensionless while 
^, in order to satisfy HA.2|) . must have the dimensions of an action. 



31 



B Appendix 

In this Appendix we will construct the various intervals of supertinie which are invariant under 
susy [12|. By invariant under susy we mean an object which is left invariant by the transforma- 
tions generated by the operator eQ^ + eQ^ where e and e are anticommuting parameters and 
Qh and Qh are given in (|3.9|) . Such transformations are the following ones: 

5t = -eO + ee, 69 = -e, 69 = e. (B.l) 

It is straightforward to check that the following interval, defined between the two super-instants 
of time (ti, 6*1,^1) and (^2,^2,^2), 

S = t,-t, + 9^9, - 9 A (B.2) 



is left invariant by the transformations ()B.1|) . The careful reader should notice that in the defi- 
nition of the super-interval of time S we couple together t with products of 9 and 9. Prom what 
we said in the previous appendix, 99 has the dimensions of an action and not of a time. Any- 
how, there is no dimensional contradiction in Eq. (|B.2|) . In fact throughout this paper we have 
put the dimensional constant /?, appearing in the original definition 4J of the supersymmetry 
charges Qh and Q^, equal to one. If we included the term /3 then we would get it in front of 
6^2^! - 9,92 in (EH), i.e.: 

S = t2-t,+p{9A-9,92). (B.3) 

The factor /3 is just an inverse energy and this guarantees the dimensional consistency of Eq. 
(jEHl). 

Besides ()B.2|) . other intervals can be obtained as follows. Let us define [T^ the left and right 
time variables as 

tL=t + 99, tR = t- 99. 

They are complex variables. In fact, using the results of Appendix A, we have 

^L = ^fl- 
it is then straightforward to prove that the following two distances are supersymmetric invariant 

•JL = ^2(L) ~ ^l(-R) ~ ^C'lC'2 
•Jfl = t2(R) — tl{L) + 26'26'i. 

It is also easy to find the following relations between 5, 5"^ and 5^: 

Sii = S- AA, Sl = S + AA, 

where A = ^2 — ^1 and A = ^2 — ^i- Note that, when A = 0, or when A = 0, 5^ = 5^ = S*. If 
both A and A are zero, then the interval ()B.2|) reduces to the usual time interval: 



>J — bji — bi^ — 12 *1- 
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C Appendix 



In standard quantum mechanics an explicit dependence of the operators on time t can be intro- 
duced by passing from the Schrodinger picture to the Heisenberg one via the following formula: 

Let us notice that in the argument of the exponential the time parameter t is coupled with the 
operator that generates the time evolution H. 

As we said in Sec. 3, we can have an Heisenberg picture also with respect to and 9. The 
analog of the translation operator in t are now the translations operators in 6 and 6. So, for 
example, we can go to the Heisenberg picture of the field ip"". In the paper we said that the 
result is 

exp [OQ + 06]^" exp [-OQ - QO] = $"(^, 6) (C.l) 

and we are now going to prove it. Let us notice that Q and Q are two commuting operators. 
Therefore the Baker-Campbell-Hausdorff formula reduces to: 

exp [eg + Qe] = exp[eQ] exp[Q^] = (1 + eQ){l + QO) 

and the LHS of (|C.H) becomes: 

^eQ+Qe^a^-eQ-Qe ^^-^^ qq^^^ ^ Qd)ip''{l - eQ){l - QO) = 

= ^^ + e [Q, (/p-^] - e[Q, ^"] + ee [-^"qq - q^^q + q^^q - qq^""] = 
= c^" + Oc'' - Ooj^^cb + ee [[Q, (/?"], Q] =ip'' + ec" - eJ^ci, + ee\e, q\ = 
= (/?" + ec" + eoj^^ + ieeuj^'^Xb = 

= $'^. (C.2) 

This proves (|C.1|) . So we can look at the superfield operator ^'^ as the Heisenberg picture of the 
operator if"", with respect to the Grassmann partners of time e and e. 

The procedure analyzed above can be applied also to a generic function F{ip). Let us define 
the operator: 

s = exp leg + Qe 

and let us see which type of transformation it induces on a generic function F{ip). We will have: 



SFS- 



exp 



eq + Qe 



Fexp 



-eq-qe = 

= F + e[q,F]-e[q,F] + ee\\q,F]q + q[q,F] = 
= F + ec''daF -ecaUj^^dbF + ee\q,c''daF = 

= F + ed'daF - eCaUJ^^d^F + eei-iXaUJ^^dbF + CaUj'^^dbddFc'^). 

In the particular case in which the function F is just the Hamiltonian H we get that: 

SHS-^ = H + eN + Ne-mn, (c.s) 
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i.e., the multiplet SHS^^ includes both the Hainiltonian H that appears in the weight of the 
quantum path integral and the Hamiltonian 7i that appears in the weight of the classical path 
integral, besides the two conserved charges N and N. Eq. HC.3|) can also be written in a compact 
form as: 

SH{y^)S-^ = H{^), (C.4) 

which means that the Heisenberg picture of the operator H{(p) is just given by the same function 
H but with the fields ip replaced by the superfields $. 

To prove that the RHS of (|(].3|) is just given by H{^) let us evaluate explicitly the expansion 
of i7(«l>") = H{ip'' + X"") where X" = 6*0" + Ouj^^Cb + ieOuj^^Xi,. Using the properties of the 
Grassmann variables, the expansion of the Hamiltonian H{^) becomes: 

H{^) = H{ip)+X''daH + ^X''X^dadbH = 

= H{ip) + ed'daH + Ou^'^CbdaH + muj^^XbdaH + 

+-{90" + Ouj^^CeWc^ + eJfcf)dadbH = 
= H{ip) + eN -ON - miXaUJ^^dbH + icaUJ^^dbddHc'^), 

which is just the RHS of Eq. HC.3|) . From Eq. HC.3|) and ]fJA\ we can derive that the relationship 
between H and 7i is given by: 

i f d9d9H{^) ='H. (C.5) 



A similar formula holds also for the Lagrangian. In particular, let us consider the Lagrangian 

L=pq-H{q,p). (C.6) 

If we replace the fields with the superfields in the kinetic term pq and we integrate over 9, 9, 
what we get is 

i I d9de $^6" = i I d9d9{p + 9c^ - Ocq - ie9\q){q + Oc'^ + 9tp + mXp) = 

= Xqq + icqc'^ + id'cp-p\p = Xa^" + ica(f - —{Xpp + icpd'). (C.7) 

Collecting together (|(].5|) . ()(L6|) and ()(L7j) we get exactly Eq. (|0|) : 

i I d9d9L{^) = Z- ^{Xpp + icpcP). 
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D Appendix 

In this Appendix we will give some details about the classical and the quantum path integrals 
in the momentum representation. First of all, we want to give some details on the derivation 
of Eq. ()4.2H) . Let us start analyzing the weight of the path integral. From 1)4. 5|) we know that 
the weight appearing in the path integral of the kernel {q,p, d^ , d' , t\qo^po, c'^", c^", to) contains a 
Lagrangian L[^] plus some surface terms 1)4. 6() of the form: 



(s.t.) = iXpp-iXpgPo 



CpC + Cp^C . 



(D.l) 



When we insert the expression of the kernel 1)4. 5|) into ()4.2U|) we see that we must consider, 
besides the terms of Eq. (|D.1|) . also the phase factors coming from the Fourier transforms 
1)4.20(1 . These terms can be collected together and written in terms of the superfields as follows: 



exp iXpp - iXpoPo - CpcP + CpocP° - iXgQ + Cqc'^ + iXq^qo - Cq^d^° 

exp -i I id9de{q + flc" + Ocp + ieeXp){p + 9cf- Ocq - iOOXq 
d{QP) 



to 



exp 



idrdBdO 



to 



dr 



(D.2) 



This proves that the surface terms appearing in the weight of Eq. ((4.211) are the right ones. 

If we want now to prove that, in going from ((4.8(1 to ((4.21() . the functional measure changes 
from ^"Q&P to S^QSi" P then we must perform the same steps that are usually done in quantum 
inechanics to prove that the functional measure changes from &"qSip to ^qSl"p in passing from 
the path integral in the coordinate representation ((4.15() to the one in the momenta ((4.24() . In 
particular, to understand the meaning of the functional measures ^" qSlp and QlqSl"p^ we will 
review the discretized versions of the quantum path integrals. Let us start with the one in the 

coordinate representation ((Z;t|go)to) = (gl exp — — (t — io)"^ 



t— to in A'^ intervals of length e and we use the formula exp 



l^o)- If we slice the time interval 



h 



(t - to)H 



exp 



h 



eH then 



we can insert a completeness relation in q before every exponential factor and a completeness 
in p after every exponential factor to get the following equation (14( : 



{q,t\qo,to) 



dQi7r^{Q\^w(-'i'^'H/^) \PN){pN\q 



dpN , dpr^_^ 
{qN-i\exp(-ien/hj \pn-^i) ■ ■ ■ {qi\ex.p (-ieH/h) \pi){pi\qo) 

N-l r .no ■, N 



lim I I 



N^OO 



n=l 



dqn 



n 

n=l 



dpn 

2-nh 



exp 



h^ 



with 



N 
^\pn{qn 



-qn-i) 



-eH{pn,qn 



n=l 



. In the previous path integral the initial coordinate qo 



and the final one q = q^^ are not integrated over, but they are fixed by the boundary conditions. 
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All the momenta, from the initial pi to the final p^, are instead integrated over: this is the 
meaning of the functional measure &"q^p. Now, to go from the path integral in the coordinate 
representation to the one in the momenta, we must perform a Fourier transform over the initial 
and final coordinates: 



{p,t\po,to) 



dqdqQ exp 



■^^ 



{q,t\qo,to) exp 



■^PaQo 



Also in this case we can slice the time interval t — to into A^ intervals of length e and insert 
the completeness relations. This time we will insert the completeness relations in q after each 
exponential factor exp ( —ie7i/h\ and those in p before it. What we get is: 



-ieTC/hj \qN){qN\PN-i){PN-i 

N r .r^ -, N-l 



dpM-1 , dpi 

dqN ^ . agiv-i 



27rh " 2TTh 

(pi|exp i-ieH/h) \qi){qi\po 



dqi{p\ex.p 



-ieTi/hj \q 



lim I I 

I^r^ -I- -I- 



N^oo 



n=l 



dqn 



n 

n=l 



dpn 
2TTh 



exp 



N 



(D.3) 



with ^^ = ^ [-qn{Pn - Pn-l) " eH{pn, qn)]- 



n=l 



In the path integral (|D.3|) the initial and the final momenta po and p = Pn are fixed, while all 
the coordinates from q^ to qjs, are integrated over. In the continuum limit Eq. (|D.3|1 reproduces 
the path integral (|4.24j) . i.e.: 



{p,t\po,to) 



I 



SqS!"p exp 



i 

h 


f 

Jto 


dT 



-qp-H{q,p,t) 



The final result of these manipulations in the continuum limit was to change the kinetic terms 
of the quantum path integral from pq to —qp. These kinetic terms can be connected via the 

surface term —{qp), according to the formula: —qp = pq — -riqp)- As we have seen in Eq. (|D.2|) 

this connection becomes —QP = PQ (QP) at the classical path integral level. 

dt 
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E Appendix 

Up to now in this paper we have apphed our dequantization procedure to the coordinate and 
the momentum representations of quantum mechanics. The procedure itself gave us the clas- 
sical path integral in a particular representation. Starting from the eigenstates of the position 
q\q) = q\q) and replacing the fields with the superfields, we got the relation: Q\Q) = Q\Q), which 
allowed us to identify the states \Q) with the simultaneous eigenstates \q, Xp, d^, Cp). Analogously, 
in the momentum representation the states |P) could be identified, via the relation P\P) = P\P), 
with the eigenstates |P) = \p, Xq, c^, Cq). In order to write the path integral entirely in terms of 
the superfields we had to consider the kernel of transition between the states \Q) or |P) men- 
tioned above. In this Appendix we want to see what happens if we consider the coherent states 
representation. 

First of all, let us remember that the coherent states in quantum mechanics are defined as 
the eigenstates \z) of the operator a = {q + ip): 



(E.l) 



2h 



a z) = z z). 



The transition amplitude between these states is given by jl3| : 



[z, t\Zo, to) 



lim TT-^ 



d Zi . . .d Zff exp <^i I dr 

to 



i f ^dz dz* \ I rrf * ^ 

-\ Z ;—Z — —Hiz ,Z) 

2\ dT dT J h ^ ^ 



., (E.2) 



where J dtH(z*, z) is the continuum limit of ^ • eH{z*, Zj^i) with 

{a\H\(]) 



H{a*,p) 



{a\ 



Q 



coherent states. 



Since the operator a is not Hermitian, the variable z is complex but it can be decomposed as 

q + ip 



z = 



2h 



One usually indicates the coherent state \z) with \q,p), see for example |13j . Of course in this 
case \q.,p) does not indicate the simultaneous eigenstate of the operators q and p with eigenvalues 
q and p which cannot exist in quantum mechanics as q and p do not commute. The parameters 
q and p within the ket |-, •) are simply the real and imaginary parts of the eigenvalue z of the 
operator d. In terms of the states \q.,p) we can rewrite the path integral HE.2|) as: 



{q,p,t\qo,Po,to) 



^"qS!"p exp 



dT 



to 



1 1 

--qp+-pq 



H 



q — ip q + ip 



2h 



(E.3) 



where in the last step the functional measure is given by: S>"qS!"p 



lim 



N 

n 



dqjdpj 
2'Kh 



Now let us build the classical path integral in the coherent states representation limiting 
ourselves to the bosonic part. Since the fundamental commutators that can be derived from 
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the CPI are: [q, Xq\ = |j5, Xp] = i, the operators defining the analog of the coherent states at the 
classical path integral level are: 



'^" = 71' ^71^^' 



1 , I 



—^p + —^>'p^ 






'^ = 71^- 71'^- 



It is easy to prove that the only commutators different from zero are the following ones: 

,aj] = [ap,al] = 1. 



Ag, U,g 



The classical coherent states can be defined as the simultaneous eigenstates of the operators hq 
and Op with eigenvalues z'^ and z^ respectively: 



aq\z\zP) 
The resolutions of the identity: 



z'iW^zP) 



ap\z\z^) 



z^W^zP) 



(E.4) 



I 



vr^ 



(fzH'^zP\z\zP){z\zP\ 



(E.5) 



and the scalar product 

I q P\ q P \ 



11 11 

\ q\2 \ q i2i q* q iPi2 \ p \2 , p* p 



2' J-i' 



'i "i-i 



(E.6) 



allow us to evaluate the classical path integral in the coherent states representation (z'^^z^). In 
fact, if we divide the interval t — to in A^ + 1 intervals of length e = -^7 — r and we use (IE.5I) - (IE.6I) 



we get the following discretized path integral: 



A^ + 1 



{z^,zf,t\zlzP,t,) = {z'i,zP\e-'^('-'^>\zlzP) = hm (z", zP|e-«(^+i)|z„^ z^) 



N 



lim I I 



N^OO 



J = l 



' I I exp 



TT vr 



1 1 

|yP|2 _ UP 1 2 I ^P*^P 



AT 



lim I I 



N^OO 



J = l 



TT vr 



exp 

N+l 



1, 



_l2'?|2_j:| g |2 , g* g 



ierL[Zj , Zj , Zj_-^, Zj_-^) 



exp 






z"?* )z'^ 



-lz^*iz^-z^_^ + liz^*-z^l^z^_,-^eHizr,z^\zU,z^_^ 
In the continuum limit and in terms of the real and the imaginary parts of z: 



V2 



p + iXp 



(E.7) 



(E. 
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the kernel of propagation (|E.7|) becomes: 



\1l ^q^Pj ^pj^ko) \o'PO) ^poito) 



-ten 



9i 



iX. 



i3 Pi 



iX, 



"Pi 



r /■* /I 1 1 ■ 1 ■ 

^'V^"A exp i drl -Xgq + -XpP - -qXg - -pXp 



^/2 



where &"<f&"X = hm H ( / 



V2 ' ^/2 

dqjdXg.dpjdX. 



V2 



(E.9) 



■Pj 



47r2 



Now, which is the connection between the quantum path integral ()E.3|) and the classical path 
integral ()E.9|) in the coherent state representations? If we replace the variables q,p of ()E.H) with 
the supervariables Q and P and do not consider the Grassmann part, Eq. ()E.1|) becomes: 



$"|Z) = Z\Z) 



^ 



q + ip + i99{Xp — iXq 



q + ip + i69{Xp - iXq) 



\Z). 



Differently from the coordinate and the momentum representation, we cannot identify \Z) with 
the simultaneous eigenstate of $" with eigenvalue Z . In fact, to get q + ip as eigenvalue oi q + ip 
and Xp — iXq as eigenvalue of Xp — iXg, we should consider the simultaneous eigenstate of q, p, 
Xq, Xp which cannot exist since (p and A do not commute. This immediately tells us that for 
the coherent states representation we must slightly change the dequantization rules at the level 
of the states of the theory. To find out the right dequantization rules, let us briefly review the 
definition of the coherent states for quantum mechanics given in ,13, • If 1 0) is the eigenstate of 
the operator a with eigenvalue 0, then 



exp 



za' 



z a 



|0) 



(E.IO) 



is just the eigenstate of the operator a with eigenvalue z, i.e. it satisfies Eq. ()E.1|) . If we use 

n -I- IT) 

the decomposition z = — ^=^ we get that the operator entering the definition of the coherent 



2h 



states is: 



exp[za' 



z a 



exp 



exp 



1 

2h 

i 



{q + ip){q -ip)- T^{q- ip){q + ip) 



2h' 



(pq-qp) =U[q,p] 



and Eq. l|E.lfl|) can be rewritten as: 



\q,p) =exp 



-{pq-qp) |0) 



hP) = U[q,p]\0). 



(E.ll) 



It is just on the operator U{q,p) of Eq. HE.11|) that we can apply our standard dequantization 
rules, i.e. replace the fields with the superfields: 



q -^ q + es^ + ecp + ieeXp, q 

P ^ P + eff -OCq- i00Xq, p 



q + ec'i + Ocp + ioeXp 
p + ecf -ecg- ieeXq 
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and integrate over and 0. What we get is the following operator: 



U[q,p] 



U[Q,P]=exp 



i / d9de i{p + e(f- Ocq - ieeXg){q + ec'^ + etp + ioeXp) 



\ f dode i{q + ^c" + ecp + iee\p){p + e&' - etq - iee\ 



(E.12) 



Let us use the operator HE.12|) to define the following states: 

|Q,P) ^ f/[Q,P]|0) 



\Q,P) 



exp 



iXqq + iXpP — iqXq — ipXp—d^Cq — (fcp 



(E.13) 



-c,& 



CpC 



|0). 



Since the Hilbert space underlying the CPI can be split in the tensor product of a bosonic and 
a Grassmann subspace [7], we can rewrite ()E.13|) as 



\Q,P) 



exp 
•exp 



iXqq + iXpP - iqXq - ipXp |0) 



-C^Cn 



C Ct) 



CaC 



CrtC 



\0)f, 



(E.14) 



where |0)s is the eigenstate with eigenvalue of the bosonic operators aq and dp, while, as we 
will see later on, \0)p is the simultaneous eigenstate of the Grassmann operators Cq and Cp with 
eigenvalue zero. Eq. ()E.14() can be factorized as: 

y r ^ ^ ~ 

\q, Xq,p, Xp) = exp iXqq + iXpp - iqXq - ipXp |0)b, 



\C ,Cq,C , Cp) 



exp 



-C^'Ca 



C Crj 



CaC' 



CriC 



|0). 



The states \q, Xq,p, Xp) are just the eigenstates of dq and dp with eigenvalues z'^ and z^, i.e. they 
satisfy the equation HE.4|) with eigenvalues z'^ and z^ given by Eq. ()E.8() . As a consequence, if 
we limit ourselves to the bosonic part of the theory, it is easy to check that the rules to go from 
the quantum path integral HE.3|) to the classical one (|E.9|) are the usual ones: 
1) Replace in the QPI the variables {q,p) with the supervariables 



Q = q + ideXp, 



p = p- ioeXq. 



2) Extend the time integration to the supertime integration multiplied by h. 

Before concluding this section, let us briefly analyze what happens in the Grassmann part 
of the theory. It is easy to prove that, with the scalar product T under which c''^ = Cq and 
P' = Cp, the operators Cq and Cp can be used to define the Grassmann coherent states. In fact, 
if we apply on the state \^)p of Eq. (|E.14|1 the operator 



F = exp 
then it is easy to prove that the states 

F\{))p = exp 



-C^Cr, 



C Cn 



CaC^ 



r.P 



C- 0(7 o C-p 



C-nC 



CpC 



|0). 
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have just the properties of the Grassmannian odd coherent states outhned in ^^, i.e. they 
are eigenstates of Cq and Cp with eigenvalues Cq and Cp. So, for what concerns the Grassmann 
sector of the Hilbert space, the dequantization procedure via the superfields produces just the 
representation in which one diagonahzes the Grassmann operators Cq and Cp. We can conclude 
this appendix by saying that the connection between the classical and the quantum path integrals 
via the superfield dequantization procedure works also in the case of coherent states, provided 
we write the coherent states of the CPI following Eq. HE.13|) : 



|g,P)=exp 



i / ided0{PQ-QP) 



|0). 
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F Appendix 



In this Appendix we want to prove that, like in standard quantum theory, it is possible to derive 
the classical path integral (|4.16j) using, from the beginning, the completeness relations and the 
Trotter formula. Then we will write the graded commutators ()2.11|1 . which characterize the 
operatorial theory associated to the CPI, in terms of the superfields. 

First of all let us remember that we can define the fundamental kets \Q) and |P) via the 

( Q{e,e)\Q) = Qie,e)\Q) 
i p{e,e)\p) = p{9,e)\p). 



From Eq. ()F.1|) the fundamental kets \Q) and \P) are uniquely determined. They are the 
eigenstates of the operators Q{9,9) and P{9,6) with eigenvalues Q{9,9) and P{9,9). With this 
definition we can identify 



\Q) = \q,>^p,c'',cp), 



\P) = \>^q,P,Cq,cf). 



(F.2) 



If we assume that integrating over a superfield is equivalent to integrating over all its components 
then the completeness relations can be written in a compact form as: 



fdQ\Q){Q\=I, f dP\P){P\=I, 



where dQ = dqdXpdc'^dcp and dP = dXqdpdcqdd' . Now we can derive the CPI in terms of the 
superfields with the same techniques used in ordinary textbooks, such as the Trotter formula, 
the completeness relations, and so on. The starting point is given, as usual, by the operator 



exp 



-i{t-to)n 



that can be rewritten as exp 



i{t-to) / id9d9H{^) 



To get the associated 



path integral we must sandwich the previous expression between {Q,t\ and IQo^^o)- If we divide 
the time interval t — to in A^ intervals of length e and we use the formula 



exp 



-i{t-to)n 



exp 



-ien 



N 



then we get N exponential factors exp 



-ien 



. Inserting a completeness relation in Q before 



every exponential factor and a completeness relation in P after it we easily obtain: 

.N-l N N 



{Q, t\Qo,to) = lim / n dQj TT dPj TT =£/jj_i 

"^ .,■ 1 .,■ 1 ,■ 1 



j=l j=l j=l 



where £/jj-i is given by 

£/jj-i = {Pj\Qj-i){Qj\eyip 

= {Pj\Qj-i){Qj\<i^p 



-ien 



IP.' 



ie / id9d9H{Q,P) 



\Pj)- 
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Using the definition ()F.2|) of the states \Q) and |P) it is easy to prove that also the scalar 
product between them can be written in terms of the superfields: {P\Q) = expi / id9d9{—PQ). 
Consequently we can rewrite -e^j-i as: 



^hi-^ 



exp 
exp 



I I I- 



deSi-PjQj.i + PjQj - eH[<^j]) 



ie / idOde P, 



^j ^i~i 



H\<5i 



In the limit N ^ oo and e ^ we get just the classical path integral ()4.16|) written in terms of 
the superfields: 



{Q,t\Qo,to) 



y'Q{e,9)^p{e,e)exp 



I I idrdode (p{9,e)Q{e,e) - H{<^{e,9)) 

to 



(F.3) 



As we said before, from the previous expression it is possible to derive the graded commutators 
(|2.11|1 and to write them in terms of the superfields. To do this, we can use an analogy between 
the CPI and the usual quantum field theories. For example the quantum phase space path 
integral for a scalar field (/>(x) is given by: 



?'Xx)^7r(x) exp - / dtdx 7r(x)(/)(x) - F(x) 

and it is equivalent to an operatorial theory in which the only non-zero equal time commutators 
are: 

[</.(x,t),^(y,t)]=iM(x-y). (F.4) 

Which is the operatorial theory lying behind the classical path integral (|F.3|) ? If we look at 



■), 9) and P{6, 9) as fields in which the space variables x are replaced by the Grassmann 
variables 9 and 9, we expect that the equal time commutator satisfied by Q and P, analogous 
to ()F.4|) . is the following one: 

[Q{t, 9, 9), Pit, 9', 9')] = 6(9 - 9')5{9 - 9'). (F.5) 

Let us see whether, using the definition of the superfields 

Q(t, 9, 9) = q{t) + 9c%t) + 9cp{t) + mXpit) 
P{t, 9', 9') = p{t) + 9'd'{t) - 9'cg{t) - i9'9'\g{t), 

Eq. ()F.5I) implies just the commutators (|2.11l) of the CPI. Because of the properties of the 
Grassmannian Dirac deltas, Eq. (|F.5|) can be rewritten as 



[Q{9, 9),P{9', 9')] =99- 99' - 9' 9 + 9' 9'. 
Expanding the LHS of HF.6|) in terms of 0, 9, 9' and 9' we get: 

[Q{9, 9),Pi9', 9')] = -i9'9' [q, \] + 99' [c^ Cq\ - 99' [cp, c^] + i99 [Ap,p] + 



(F.6) 



(F.7) 
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Comparing ()F.6|) and ()F.7|) we obtain that the non-zero graded commutators are: 

[q, Xq] = i, [c'', Cq] = 1, [cp, cP] = 1, [Xp,p\ = -i, 



which are precisely the graded commutators (|2.1H) of the CPI. Of course, since on the LHS of 
HF.7|) we have a commutator and not an anticommutator, we get that: 

[p{t,e,9),Q{t,e',e')\ =-5{e-e')5{e-e'), 

while [(5,(5] = [-Pj-P] = 0. Summarizing, we can say that the graded commutators of the CPI 
can be written in a compact form, using the superfields, as: 

^"{t, 0, 9), ^\t, e', 9')] = oj''H{9 - 9')6{9 - 6'). 
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G Appendix 

In this Appendix we want to analyze the issue of ordering problems in the CPI. In quantum 
mechanics the ordering problems arise because q and p do not commute, so there is more than 
one Hermitian operator H{q,p) associated with the same classical Hamiltonian H{q,p). For 
this reason we must specify the order in which we consider the operators q and p within the 
Hamiltonian H{q,p). At the path integral level the different orderings correspond to different 
possible discretizations. Before analyzing what happens in the CPI, let us notice that also 
in quantum mechanics no ordering problem arises if we consider Hamiltonians of the form 
H{q,p) = p'^/2 + V{q). There are instead problems when we couple q and p within the argument 
of the Hamiltonian H. For example 

00000 o 

p q + q p + qp q, pqpq + qpqp + pq p (G.l) 

are two different Hermitian operators associated with the same classical observable Sq'^p'^. Using 
the fundamental commutator [q,p] = ih it is quite easy to prove that 



p q + q p + qp q = pqpq + qpqp + pq p — h , 

which implies that, even if they are both Hermitian and associated with the same classical 
observable, the two operators of Eq. ()G.1|) are not equivalent but they differ for h'^ terms. 

In the CPI q and p commute. Nevertheless (p"" and Aq do not commute and one should analyze 
whether there are or not ordering problems. Let us limit ourselves to the bosonic part of the 
theory. The bosonic part of the evolution operator appearing in the weight of the CPI is the 
Liouvillian L = XaCO dbH. If we consider a Hamiltonian H{q,p) = q^p^, then the terms of the 
Liouvillian can be ordered in one of the following different ways: 

L = m [a,\qqy^-^ + a.qXgq^-'p""-' + ...+ a„+, g'Agp'"-^] + 

-n [A App"^g"-^ + ApApp'"-ig"-i + . . . + /3^^^ P™Apg"-i] , (G.2) 

n+l m+1 

where the sum of the weights Uj and f3j is normalized as > Oj = > /3j = 1. If we calculate 

i=i i=i 

the Hermitian conjugate of HC2|) then we get: 



D = m [a.q^Xqp"'-^ + a.q''-' Xgqp"'-^ + ... + a„+,A,(?>"^-i] + 

-n [Ap"^Ap(?"-i + f3,p"'-'Xppq''-^ + ...+ f3,^+App"'q^-'] (G.3) 

where we have used the fact that with the standard scalar product, (^|r) = f dipijj*{ip)T{Lp), 
both (p and A are Hermitian operators. Since the ordering (|G.2|) has to guarantee the Hermiticity 
of the Liouvillian L, we must impose that U —L = 0, which is equivalent, using (|(t.2|1 and (|(t.3|) . 
to the following equation among the coefficients aj and Pj: 

n+l m+1 

mY^c^A^ - 2(j - 1)] = n ^ (3,[m - 2{j - 1)]. (G.4) 

If the coefficients Uj and (3j satisfy the previous equation then the Liouvillian (|G.2|1 is Hermi- 
tian with the associated ordering. An example of Hermitian ordering is the one for which the 
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coefficients satisfy: Uj = an-j+2 and Pj = Prn-j+2- Tliis ordering generalizes the Weyl one in 
wliich all the coefficients a and /3 are equal: aj = ;^^ and f3j = :;^^- The pre-point ordering 
aj = 6j^i and Pj = 5j^i satisfies Eq. ()G.4|) and corresponds to the Liouvillian in which all the 
operators A are on the right of the operators (p, i.e. L = Xaio dbH. The end-point ordering 
corresponds instead to the following choice of the coefficients: Oj = Sj^n+i and (3j = Sj^m+i that 
satisfies ()(7.4|) and produces the Liouvillian L = to dhHXa with all the operators A on the right 
of the operators ip. 

Before going on, let us notice that, besides Eq. ()(t.4|) . which guarantees the Hermiticity 
of the Liouvillian, the coefficients aj and Pj must satisfy also the condition of normalization: 
Si ^j ~ 'l2i l^j ~ ^ that can also be written as 

n+l m+1 

mn y^ aj = mn \^ Pj- (G.5) 

Making the difference between ()(7.5|) and ()(7.4|) we get: 

n+l m+1 

m J^ a, (i - 1) = n J^ Pj (j - 1) . (G.6) 

i=i i=i 

The previous condition is crucial for proving that, even if there is more than one possible Hermi- 
tian Liouvillian, all the Hermitian Liouvillians are equivalent to the pre-point one 
L = Xaio°'^d},H. In fact let us rewrite the Liouvillian L in a compact form as: 

n+l m+1 

L = mY, ajq^-^Xqq'^-^+^f^-^ " ^ Z] PiP''^>^pf^~^^^<f~^- (G.7) 

If we use the commutator [99", Af,] = i5'^ then we can rewrite ()G.7|) as 

n+l n+l 

L = mY, ajXqq^'p"'-^ + m J]] iaj{j - l)^J-2+«-i+ip™-i + 
i=i i=i 

m+1 m+1 

(n+l m+1 

mj]a,(j-l)-nj]/3,(i-l) 



Using Eq. (|G.6|) it turns out the last term above is zero, so we can conclude that the most 
general Hermitian Liouvillian L associated to the Hamiltonian H = q^p^ is equivalent to the 
pre-point Liouvillian in which all the operators A are on the left of the operators 99. This proves 
that all the Liouvillians are equivalent and that there is no ordering problem for what concerns 
the bosonic part of the CPI. 

The discussion regarding the Grassmann part of the CPI is more complicated, due to the 
fact that there is more than one possible scalar product, as explained in the fourth of Refs. 
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[7]. Without entering into further details we can say that the only scalar products that assure 
the Hermiticity of the Grassmann part of the Hamiltonian 7i independently from the particular 
physical system that we consider, are the gauge and the symplectic scalar products defined in 
0. In these cases there are only two possible orderings, which guarantee the Hermiticity of the 
Hamiltonian: 

Wg,i = icaUj^^dbddHd^, Wg.2 = -ic'^u;''''dbddHca. 

They are completely equivalent, as we can easily prove using the graded commutators of the 
theory: 

- ic'^u;''^dbddHca = icau;''^dbddHc'^ - iu;''^dbddH [ca , c'^] = 

= icaUj"-^dbddHc'^ - luj'^^dbddH = icaUj^^dbBdHd^. 

So we can conclude that also for what concerns the Grassmann part of the Hamiltonian 7i there 
is more than one possible Hermitian ordering but also in this case the associated Hamiltonians 
are equivalent and no ordering problem arises. 
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H Appendix 

We want to give here a further "rough" proof of (|7.H) . Let us consider a generic susy transfor- 
mation of the CPI: 

t' = t-e9 + ee 

e' = e-e (H.l) 

9' = e + e. 

The superdeterminant of the transformation {t,9,9) — > {t',9',9') is equal to one: 

'1 -e e\ 

J = sdet 10 1 0=1. 
.0 1/ 



So under the susy transformation ()H.1|) the integration measure dtd9d9 is invariant: 

dtd9d9 = dt'd9'd9' =^ ^ = ^^. (H.2) 

dt' d9 d9 ^ ^ 

Since I d9 9 = f d9' 9' = 1 we will have that -^^ = ^- Analogously from I d9 9= I d9' 9' = I 

dfj' f) 
we can derive that — ^ = ^. So, from ()H.2|) and what we have derived above, we get 
d9 6' 

dt _ d9' d9' _ 99 _ 99 
'dt' ~ 'd9~d9 ~ W' ~ " 

from which we can "somehow" identify dt ^ 99 and dt' 



48 



References 

[1] R.P. Feynman, Rev. Mod. Phys. 20 (1948), 367. 

[2] E. Gozzi, M. Reuter and W.D. Thacker, Phys. Rev D 40 (1989), 3363; 46 (1992), 757. 

[3] B.O. Koopman, Proc. Nat. Acad. Sci. USA 17 (1931), 315; 
J. von Neumann, Ann. Math. 33 (1932), 587. 

[4] E. Gozzi and M. Reuter, Phys. Lett. B 233 (1989), 383; 240 (1990), 137; 
E. Gozzi and M. Regini, Phys. Rev. D 62 (2000), 067702 hep-th/9903136]; 
E. Gozzi and D. Mauro, J. Math. Phys. 41 (2000), 1916 hep-th/9907065 ; 
E. Deotto and E. Gozzi, Int. J. Mod. Phys. A 16 (2001), 2709 h ep-th/0 012177 . 

[5] A.A. Abrikosov (jr.) and E. Gozzi, Nucl. Phys. B (Proc. Suppl.) 88 (1999), 369 
|quant-ph/9912050 ; 

A.A. Abrikosov (jr.), E. Gozzi and D. Mauro, Mod. Phys. Lett. A 18 (2003), 2347 
|quant-ph/030810ll . 

[6] For a review of geometric quantization see for example: N. Woodhouse, "Geometric Quan- 
tization" (Claredon Press, Oxford, 1980). 



[7] D. Mauro, ''Topics in KvN Theory", Ph.D. thesis , Trieste 2003 |quant-ph/0301172| ; 



D. Mauro, Int. J. Mod. Phys. A 17 (2002), 1301 ■quant-ph/0105112"; 

E. Gozzi and D. Mauro, Ann. Phys. 296 (2002) 152 quant-ph/0105lT3l; 

E. Gozzi and D. Mauro, Int. J. Mod. Phys. A 19 (2004), 1475 quant-ph/0306029] ; 

E. Deotto, D. Mauro and E. Gozzi, J. Math. Phys. 44 (2003), 5902 | quant-ph /0208046 ; 

E. Deotto, D. Mauro and E. Gozzi, J. Math. Phys. 44 (2003), 5937 |quant-ph /0208047|. 

[8] R. Abraham and J. Marsden, ''Foundations of Mechanics" (Benjamin, New York, 1978). 

[9] P.C. West, "Introduction to supersymmetry and supergravity" (Singapore, World Scientific, 
1990). 

[10] The superphase space variables presented here and in Ref. (2] has also independently been 
found in LA. Batalin and P.M. Damgaard, Phys. Lett. B 578 (2004), 223 |hep-th/0306153| . 



[11] B. De Witt, " Supermanifolds" (Cambridge University Press, 1987). 

[12] V.V. Tugai, A.A. Zheltukhin , Phys. Rev. D 51 (1995), 3997. 

[13] L.S. Schulman, "Techniques and applications of path integrations" (New York, Wiley, 1981); 
J.R. Klauder, B-S. Skagerstam, "Coherent states: applications in physics" (Singapore, 
World Scientific, 1985). 

[14] H. Kleinert, "Path integrals in quantum mechanics, statistics and polymer physics" (Singa- 
pore, World Scientific, 1995). 

[15] See for example J. Zinn- Justin, "Quantum field theory and critical phenomena!^ (Oxford, 
University Press, 1996). 

49 



[16] E. Deotto and E. Gozzi, Int. J. Mod. Phys. A 16 (2001), 2709. 

[17] B. Sakita, "'^Quantum theory of many-variable systems and fields" (Singapore, World Scien- 
tific, 1985); 
A. Das, ^^ Field theory: a path integral approach" (Singapore, World Scientific, 1993). 

[18] L. Dolan and R. Jackiw, Phys. Rev. D 9 (1974), 3320. 

[19] S. Elitzur, Y. Frishman, E. Rabinovici and A. Schwimmer, Nucl. Phys. B 255 (1985), 383. 

[20] K. Fujikawa, Phys. Rev. Lett. 42 (1979), 1195; 
K. Fujikawa, Phys. Rev. D 21 (1980), 2848. 



50 



